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05 Stirling-matrices St; and St,

Abstract: The Stirling-matrices occur as other imiate and basic relatives of the ZV-
(Vandermonde) matrix. Variants transform powerseri¢o exponentialseries and
conversely. Using finite sizes they or their scatladants give rational approximations to
logarithms and exponentials. The most striking prop for me is, that they are
eigenmatrices of the Bernoullian-matrix,Gvhich sums geometric series to zeta-type series
of any like powers to any finite number of terms.

Most of the formulae here are heuristic findingkh@ugh in the meantime | found most of
the formulas in textbooks and online-references)e Tocus in my recent study was
primarily at the binomial- and the Gp-matrix; butekpect to understand more details of
these matrices when analyzing the Stirling-matrioésnsely.
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5 Stirlingmatrices S. -2-

1. Definitions/ Identities

1.1. Introduction

The following matrices are defined here:
(1.1.1) St: lower triangular matrix of Stirling-numbers 1'kind

The definition for Stirling-numbers of first kind is the expansion of 1

coefficients of x after expansion of the product ; ; ;
1 for row r=0 -5 11 -5 1 :
(X-1)(x-2)(X-3)...(x-r) fora row r>0 24 -50 35 -10 1

-120 274 -22% 63 -15 1

example:
(x-1)(x-2)
(X-1)(x-2)(x-3)

see [MW-St1],[AS-ST]

2 - 3Fx+1*% /I coefficients of row 2
-6 +11*x-6*3+ 1*>  // coefficients of row 3

(1.1.2.) St: lower triangular matrix of Stirling-numbers 2'ridnd

1 .

1 1 .

1 3 1

1 7 f 1 .

1T 13 25 10 1 .
1 31 0 63 15 1

see [MW-St1],[AS-ST]

Shifted versions

Sometimes these matrices are defined with an additional leading row and column containing zeros
except 1 at [0,0] (see en.wikipedia.org).

(1.1.3) St®: st, downshifted one row/column

This definition can be seen as extension of St; by the (x-0)-factor: ; )
1 for row r=0 o -1 1 .
(X-0)(x-1)(x-2)(x-3)...(x-(r-1)) for row r>0 0 2 -3 1 .
o -6 11 -5 1 .
O 24 -50 35 -10 1

see [WIKI-St1],[AS-ST]
(1.1.4) St: St, downshifted one row/column

1

0 1 .

] 1 1 .

0 1 3 1

0 1 7 & 1

0 1 15 2% 10 1

see [WIKI-St2],[AS-ST]
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5 Stirlingmatrices S. -3-

factorial scaled versionsfSty, fStF, StF, fStE
Of special interest ar also the factorial row- and row/column-scaled versions.

1 .

4 -1 1 .
(1.15) fSt:=F~* St 1 -g/2 1742 d
-1 11/8 -1 148

1 -23712 35724 -5/12 1724
-1 137480 -13/8 17724 -148  14120]

1 .
-1 1 :
(1.16) fStF:=F'*Sy*F 1 -3s2 1 :
-1 116 -2 1

1 -258/12 35712 -5¢42 1
-1 137s0 -15/4 1744 -3 1

They perform the summing to logarithms, if the columns are used as coefficients of a powerseries. (see
paragraphs bel ow)

1 . |
1 1 .
(1.17) SeF:=St,*F 1 3 3
1 7 12 & .
1 1% L U 24
1 31 180 390 360 120
1 . T
1 1 .
(1.1.8) fStF:=F**Sp*F 142 542 1 :
1/6 Fig 2 1 .
1724 /8 25712 a2 1
17120 317120 ife 134 3 1

They perform the summing to exponentials (inverse of the summing of fSt;F ), if the columns are used
as coefficients of a powerseries. (see paragraphs below)

1.2. Definition in terms of their reciprocity

The matrices St; and St, (as well as the shifted versions) are also defined by their mutual reciprocity
(either St, asreciproca of St; or opposite):

(1.2.1) St =St
r
Z st[rk]*Se[kc] =9, wheredis the Kronecker-delta
k=0

1

a1

2 .31
StE*Sp=1 6 11 -6 1

24 -50 35 -10 1
| -120 274 -22% 8% -15 1

1 . 1 .

1 1 1

1 3 1 1

1 7 & 1 . . ] . 1 .

1 15 25 10 1 . ] ] . . 1 .
1 31 20 63 1% 1 = ] . . . o1
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5 Stirlingmatrices

1.3. Recursive definitions

Recursive definitions include;
St[r0] =(-1) *r!

(13.1) St[r+1c] =(-1)"* abg(r +1)* St[ r,c]) +abg SL[ r - 1,c-1])

se[rp] =1
(1.3.2)

(additional remarks: see "details/derivations")

SP[r+1lc] =(c+1)*SR[r,c] +S2[r-1c-1]

1.4. St,"Y) occurs also as matrix of coefficients of the derivatives of e®™*

If one computes the coefficients of the derivatives of exp(€)

fi= f(x) = exp(€)
and z:=¢
Then
(1.4.1) f =f*( 1)
f =f*( 0 12)
f =fx(0 1z 1%
f =f*0 1z 3Z 12
9 =fx(0 1z 7%Z 632 19

... etc

which means in matrix-notation

(1.4.2) frsp® * V(@ =[f, f,  f
fxSt *&v@= [f f
or
(1.4.3) s v =[f, f, f, f, 9, ]~ /f

AR AN S
R S LB B

OO0 000 -

e e e e

1

3

7 & 1
50025 1o 1
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5 Stirlingmatrices S.-5-

2. Simple relations to other vectors and matrices

2.1. Shifted versions by binomial-transformation

A binomial-transformation performs the shifting of St, to St resp St; to St;Y and more generally a
shifted binomial-transform P® performs the shifting of St,® to St,**? resp St,® to St,**?.

Shifting of St;:
1.
1 1 .
1 35 1. .
1 — 1 -1 — 1
@11) pl* st =stp? pl* St =SpW 17 e 1
1 15 25 W 1 .
»| 1 31 890 65 15 1
1 1.
11 . o1 .
1 -2 1 . g 11\
13 -5 1. o1 3 1
1 -4 & -4 1 . o1 7 & 1
-1 5 -0 1 -5 1 =L0 1 1% 25 10 1
Shifting of St;:
1.
1 1 .
1 2 1 .
— — 1
(2.1.2) St * P =StW St * P =St®W 1 3 5 1
1 4 &6 4 1
»| 1 5 10 W 5§ 1
1 . 1.
11 o 1 _
2 -3 1 ) o o-1 1
s 11 -5 1 _ o2 -3 1 _
24 -850 35 -10 1 . o5 11 -8 1 .
-120 274 -225 85 -15 1| =L 0 24 -50 35 -10 1

The shifting in the limit

A consequence of this is, that repeated application of equivalently shifted binomial-matrices
approximate to the identity matrix:

2.13) Sg*P*pO*p@x =

and that means, that the iterated product of shifted binomia matrices approximate St2.

k) —
(2.1.4) [M=0.00P® =St
Example:
p*p(l) p*p(l)*p(z) p*p(l)*p(z)*p(3) p*p(l)*p(Z) .= St
1 . 1 . 1 . 1 .
1 1 . 1 1 . 1 1 ] 1 1 .
1 3 1 ) 4 1 3 1 } iy i 1 3 1 . 1 3 1 .
1 7 &5 1 . . 1 7 &6 1 . 1 7 &6 1 . 1 7 & 1 .
1 15 17 7 1 1 15 258 9 1 1 15 25 10 1 1 15 25 10 1
1 31 43 31 9 1 1 31 90 52 12 1 1 31 90 65 14 1 1 31 20 65 15 1

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -6-

Conversely, the infinite leftmultiplication-product of shifted inverses of binomialmatrices approximate
Sty.

k-1 _—
(2.15) [Meo0.0PY =St
Example
L Ap@lp@)-laplo St P-Lp Wl xp-l p-1lxp-l
1 : : . . 1 : : ) B 1
-1 1 : : . -1 1 : ; 41l -1 1
-3 1 ) . 2 -3 1 L AJ 2 -3 1
-5 11 -6 1 . " -5 11 -5 1 .. -4 a -5 1
24 -850 35 -10 1 . 15 -39 2 -9 1 . & -0 1 -7 1
-120 274 -225% &85 -15 1 -54 135 -120 S5 -12 1 -l 48 -85 32 -9 1

2.2. Rowsums of St; and St,, and rightmultiplication with a powerseries

The rowsums of St, are known as Bell-numbers:

@21) St*V(1)=B

Yse, =B
c=0

*
o S e 'y
e S |

1 . 1
1 1 . 2
1 3 1 . A 3
1 7 & 1 . . 15
1 15 25 10 1 . 52
1 31 90 65 15 1| =L 203

The rowsums of St; (except or row r=0) are zero, which is obvious since the first column of St; (= St;™)
isjust the 1-vector, aswell as from the definition as product of (x-1)(x-2).. when setting x=1 .

(222)  St*V(1)=[1,0,0,0,.]
Z St =0 I for r>0
c=0

Using the secondcolumn of St, as weighting coefficients it may be of special interest, that this column
eguals numbers of the form 2"-1.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S.-7-

Rightmultiplication by powerseries-vectors produce factorial scaled binomials.
Examples:

various weighted row-sums of; St columns from $t powerseries (or ZV~)
1 a ol T 11 11 1]
1 1 o 2 3 4
1 3 1 4 9 16
1 7 & & 27 64
1 15 25 16 g1 256
x| 1 a1 o0 | 32| [ 243] | 1024]
1 1 0 ol T 1 1[ 1
11 0 1 y 1 2 3
2 -3 1 . 0 0 1 |:| 2 &
5 11 -6 1 . 0 ] o 0 0 &
4 -50 35 -10 1 . 0 a a o 0 o
-120 274 -225 @s -15 1] =[O 1 of | ofl o[ o
ZV isacomplete set of powerseries whose bases differ by 1:
1 1 1 1 1 1
1 2 3 4 g &
1 4 9 18 / 25 3
_— —d _—
(223) St*zZv~ =F*P 1 8 7 &4 125 216
1 16 &1 2% 625 1294
x| 1 32 243 1024 3125 FITA
1. . . o 1 1 1 1 1 1
-1 1 . . 1. . 1 2 3 4 5
2 -3 1 2 £ 12 2
s 11 -6 1 . S . & 24 A
4 -850 35 -0 1 . S : . 24120
-120 274 225 8% -15 1) =L - . . . . 1a

2.3. Columnsums (and leftmultiplication with powerseries) of St, and fSt,F

The columnsums of St, are all divergent, so we see the summing vector as limit of a powerseriesin x,
when x->1 :

1 .
1 1 .
1 3 1 /
2.3.1) 1X*V(1/X)~ * St = S(1/x)~ 1 7 6 1
1 15 25 10 1 .
* 1 31 90 g5 15 1

[ 1/ 142 13 1/d 1S 1506] =[50 51 s2 53 54 s8]

This can be summed (or is convergent in the leading columns) for 1/x<1, since the progression in each
column is of the order of a geometric series with quotient g, which increases with the column-number c,
x must then at least equal g, or must be negative to alow Euler,-summation of an appropriate order.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -8-

Thefollowing formulafor 1/x<1 seemsto be valid for any entry s. of S~ in column c:

(2.3.2)
00 Stzrc c+l 1 1
ot [k TY
= X g x=k X
[lwhere x£1,2,3,...c
= 1 * 1 LWk 1
x=1 x-2 x—=(c+1)
or
00 1 c+l X
Sse xt = =s(x /lwhere 1/%1,2,3,...c

Z(; , Nioe =3

(see also [AS-ST])
Note, that in (2.3.2)the productterms in the denominators are just the rowsums of St; * V(x):

£ (x)=(St* V(x)),

(2.33) s.( 1 )= 1
X" (%)
Example: x=-2, S =[-2/3,%2(3*5), -2%/(3*5*7), 2*/(3*5*7*9)...]
=[-2/3, 4/15, -8/105, 1684. ]

Note: if x equals a positive integer 1<=x<=c, we have division by zero, and the value is not defined.

2.4. fSt,F: column-sums

When the columns of the factorial scaled version of St,, fStoF are summed (leftmultiplied by the

summing-vector V(1)~), thisequals:

(a1) V(1)~ * fStF = eV(e-1)~
L& c! c
lim ZSZr e =e* (e— 1) I/ for a fixed column ¢
r->004=g “rl
Example:
1 .
1 1 .
1/2 3/2 1 .
V(1)~*fStF = e V(e - 1)~ 1/6 746 2 1 :
1/24 5/E 25712 G2 1
* 17120 314120 342 1344 3

1

imr>ooL 1 1 1 1 1 1 =[e& [ el*0 el*l el el*3 el*d e1°5]"

*
) el is written for e-1 = exp(1)-1

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S.-9-

The obvious generalization of V(1) in (2.4.1) into a powerseries V(x) gives the transformation of a
powerseriesin x into a powerseriesin e-1 (although with a cofactor):

(24.2) V(x)~ * fStF =& *V(E- 1)~
. 00 C! .
lim > x'*s2,— =e* ((-Z‘X - 1) Iffor a fixed column ¢
r=>00175 g

(for a further smooting of the result see secornxt paragraph below)

Example:
1 .
1 1 .
1/2 342 1 .
V(x) ~ * fStF = &* V(e-1) 1/6 716 2 1
1/24 5/ 25412 /2
* 14120 514120 3/2 1344

[1 = x2 x3 x4 x5 =[ e™x* J (e™-D1"0 (e™-1"1 (ex-10"2 (e™-1)"3]

Another variant: column-sumsin zf St,FZ

A further variant can be given by introducing the zeta-series as additional cofactors.
Define the further scaled version of St,:
ZfSIFZ = 97(1) * fStF * 9Z(-1)

Then
(24.3)
V(X)~ * ZfSIFZ = (€-1) * V(& - 1)~
00 | -
lim Zx'*SZ,CM :(ex—l) '
r->007=5 “(r+1)!

isatransformation of a powerseriesin x into onein (¢* - 1).

Example:
1 .
142 1 . .
1/6 11 ]
x V(x) ~* zfSFZ = (¢- 1) V(é- 1)) 1/24 7012 32 1

1/120 174 5/4 2 1 .
= | 14720 314360 344 13480 542 1

[ x x*2 x*3 x4 x5 =g = [ el"l el"2 el"3 el™d el"5 el

where el means el

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -10-

Double-sum of fSt,, focusing the Bell-numbers

Eq. (2.4.2)with the factorial term c! rearranged to the rhs

V(x)~ * fSiF =& V(E- 1)~
V(x)~ * fSiF * F* =g * V(- 1)~*F
V(x)~ * S} =g V(E-1)~*F'

and then again be summed over then columns:

V(X)~ * S§ * V(1) =& V(E-1)~*F* V(1)
=& (1 + (1)1 + (€-1)%2! + (€-1)¥3! +....)
=d*exp(€-1)

and since the rowsums of fSt, are the Bell-numbers scaled by the reciprocal factorial:
fSt* V(1) =F'*(SL*V(1)) =F**B
we get the result involving the Bell-numbers:

00 00 00 Xr 00

ImZZSZ =lim> =>s2, =
¢=0 r=0 paretl  eert
(24.4) 00
||mZXr r :exeex—l e +(x-1)
r=0 r
00 B
(245) and — =€°
r=0 rl

Double-sum of zf St,

The double sum over al columns of zZfSt; is, after rearranging the (c+1)! -termto therhsin (2.4.4)

+1
L& 1 e -1
(246) lim z X'*S2 . =& I/ for a column ¢
r->00175 “(r+1)! (c+1)!

Summing over all columns:
@a7) lhs-double-sumin (2.4.5)

00 00 ooy o
Ilmcz(;rz(;x S2., 1)' _"m;(Hl)! ;SZLc
:Iim;x' T ?fl)'
(2.48) rhs-sum in (2.4.5)
Z (C+1))C' 1 —expe‘-1)-1 —e¥1-1
Thisgives
(249) V)~ *2fST2*V(1)  =exple 1)-1
Ilmcz(;rz(;x SZ,C( +1)' =
“er;X(Hl)I =e" -1

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



5 Stirlingmatrices
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and

i Br — ee—l _
2.4.10. -
) S(r+1)!

2.5. Columnsums (and leftmultiplication with powerseries) of St; and fSt;F

If the previous Sty-related formulae are varied extended by postmultiplication by St; we get the inverse

summation-expressions for the variants of St;:
Define
ZfStFZ = 97(1) * fStF * 92(-1)

Then
(251) X V(X)~ * 2fSFZ =log(1+x) * V(log(1+x))~
C+1) c+1
lim» x* S ( =log(1+ x
r- >OOZ ]TC( +1)| g( )
transforms a powerseriesin x into a powerseries of the logarithm of (1+x).
Example:
1 .
-142 1 .
V(x) ~ * zf'SFZ = log(1+x) V(log(1+ L ;. : :
X V(x) ~* zfSFZ = log(1+x) V(log(1+x)) 4 11012 <32 10
1/5 -5/8 T4 -2 1 .
* | -1/6 137/130 -15/8 17/6 -G5/2 1
[ x x*2 x*3 x4 x5 =g = [ 1171 11%2 11°3 1174 11°5 117g]
where |11 means log(1+x)
Proof:
2s52) 2ZfSIFZ =zfStFz™*
since

ZAFF*SprF*Z(-1) ¢ Z@A)*F* Sy rF* 92(-1)
Z@)* Fr* S, * St *F* 97(-1)
9z@)* F* * | * Fx A7)

From this and right-multiplication of (2.5.3.)by zZfSt;FZ

y V(y)~ * zfSFZ = (€-1) * V(e-1)~
y V(y)~ * zZfSIFZ * zfS{FZ = (¢-1) * V(€’-1)~ * zfStFZ
@54y YV~ = (&1) * V(¢-1)~ * zfSIFZ

Replacing -1 by x and y by log(1+y) gives (2.5.1)

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -12-

3. Relations to other matrices / Summations

3.1. St, and St; as compositions of binomially -weighted sums of zetaseries

Composition of St,

St, occurs in the matrix-multiplication P1* zVinitsfactorial scaled version St,F

11 1 1 1 1
1 2 4 § 1B iz

1 3 9 27 &l 243

G.11) PT*ZV = SpF~ P*ZV = StF~ 1 4 16 64 256 1024
1 5 25 125 625 3125

»| 1 6 a5 216 1296 7776

1 . . 1 11 1 1

101 | S~ . o1 3 -7 15 31

1 -2 1 0% 4 .. 2 12 50 180

13 -3 1. o 6 60 330

1 -4 65 -4 1 . o . a4 380

-1 5 -1 W -5 1 =L. . . . .1

or, sometimes even given as definition of St, in the sense of a generation-function (see [AS-ST):

11 1 1 1 1
12 4 8 16 |

135 9 27 &1 243

(3.1.2) St~ = Fi*pt*zv St~ = Fr*P* *zv 1 4 16 64 256 1024
1 5 25 125 @25 3125

«| 1 6 36 216 1296 7776

1 O 11 1 1 1 1

1 a1 1 DA 1 1 o3 G 4at) s

1/2 1 -2 1 .. .1 & 25 m

1/6 13 -3 1. ... 1 10 &s

1/24 1 -4 6 -4 1 . o 1 15

diagl 17120h+| -1 5 -0 W -5 1 =[ . . . . . 1

Composition of St;

The converse is also true, at least for the case of any finite dimension. (for infinite dimension the
inverse of the Vandermondematrix ZV is not defined)

For any finite size the following isvalid:

(3.1.3) ZV'* P = fSt~

Example, size = 6

1 .
1 1 .
1 _ 1 2 1 .
ZV-*P = St~ 1 3 5 1
1 4 & 4 1 .
«[1 5 1w 1w 5 1
& -15 20 -15 & 1 1 -1 1 -1 1 -1
-57410 11744 12743 33 -27/2 137760 .1 -3f2 1146 -25/12 137760
2946 -461/24 31 -307/12  65/6 -15/8 .. 2 -1 35724 -15/8
-31/24 137424 -121/12 107412 -95/24 17424 S .1 -5A12 17424
146 -19/24 542 -17/12 243 -1/8 . : . 14 -8
-1/120 1424 -1/12 1412 -1/24 14120 =L . . . . . 14120

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -13-

3.2. St and St; form an eigensystem of the bernoullian matrix G,

With the diagonal eigenvaluematrix of reciprocals of natural numbers “Z(1) they form the eigensystem
of the bernoullian-matrix G,. G, is called "bernoulian" since it contains the bernoulli-numbersin its first
column and is also a simple column-scaled version of the matrix BN, which contains the coefficients of
the Bernoulli-polynomials (see chapter Matrix G, and G,,, for more detailed discussion of this)

1 .
-1 1 .
(3.2.1) St* %Z(1) * St = Go A .

-6 11 -G 1 .
24 -50 35 -10 1 .
* -120 2r4 -225 g5 -1% 1

1 . [ 1 1 .

1 1 . . 1) 142 142 142 .

1 3 1 . £ 1/3 146 142 143 .

1 7 & 1 o 1/4 0 14 142 144 .

1 15 25 10 1 . 145 -1430 0 143 142 145 .
1 31 90 65 15 1+djagl 1€)) = 0 -1412 0 5412 142 146

3.3. Some useful consequences arising from the eigensystem-decomposition of G,

Since we have an eigensystem with a very simple eigenvalue-diagonal-matrix, multiplication of the
Stirlingmatrices by G, leaves them "nearly invariant” aside of the scaling of rows(St;) and columns
(Stz) by the incremented row/columnnumber:

1/2 1s2 .
1/6 172 143 .
a 174 142 144 .
-1/30 o 143 142 145
o -1/12 o5/ 172 148

(3.3.1.) %Z(-1)*St *Gp = St

B L L ]

diag 6)* -120 2r4 -225 g5 -1% 1 -120 2r4 -225 g5 -1% 1]

and
1 . [ 1
1 1 . 2
1 3 1 / 3
(3.3.2) G*St *9Z(-1) =S 1 7 6 1 . 4
1 15 25 10 1 . g
* 1 31 90 65 15 1 -djagl €

1 .
1/2 1s2 .
1/6 172 143 .
a 14 142 144
-1/430 o143 142 145
o -1/12 oo5f12 142 18] =

-

25 10 .
20 63 15 1

1 . . . . . 1 . . . . N

-1 1 . . . . -1 1 . . . .

2 -3 1 . . . 2 -3 1 . . .

-6 11 -6 1 . . -6 11 -6 1 . .

5 24 -50 55 -10 1 . 24 -50 55 -10 1 .

i Y
L]
=2 B T R
[ay]
—
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5 Stirlingmatrices S. -14-

3.4. Summation of G, and BN by leftmultiplication with the factorial-vector

From the definition of bernoulli-numbers the identity of the first column of the result is known; the
others can be computed using derivatives:

1 . 1
v 1z . 2

@ayy  (FH*Gp* 9Z(-1) ="(F") * el(e-1) /6 142 143 _ 3
"(FY* BN ="(FY * e/(e-1) 014 12 144 _ _ 4

-1/30 0 13 Wz 1S . 5

* 0 -1 0 512 12 146 diag( §))

imr->ool 1 1 142 1/6 1/24 1/20] =[ 1 1 12 e 124 1/120) [ esce-1]

Expressed in terms of BN, the matrix of coefficients of the Bernoulli-polynomiasthisis

1 .
1/2 1 .
1/6 1 1

(3.4.2.) "FH* BN ="(F1) * el(e-1) 0 w2 32 1

-1/430 ] 1 2 1 .
* o -1/ o 5/3  5/2 1

limr>ool 1 1 1/2 1/ 1/24 1/120] <[ 1 1 1/2 16 1724 17120) edte-1)]

Rewriting the factorial scaling as similarity-scaled matrices:

(343) VO)~*(fGZF) = elle-1) * V(1) ~
V(1)~* (fBNF) = el(e-1) * V(1) ~

Generaly:

(344) VX)~*(FGZF) = xV(x)~* &/(& - 1)
V)~*(FBNF) = x V(x)~* (& - 1)

The reciprocal expression can also be written:

1 .
-1/2 1 .
173 -1 1

(3.45) el(e-1)*'(FH* BN ="(F™) 41 -3 1

/5 -1 2 -2 1 .
= -1/ 1 -542 1043 -5/2 1

lim,soo L 8/te-D] [ 1 1 172 16 1724 17220] <[ 1 1 172 1/ 1724 1/120]

Generaly:
(346) xV)~* (fBNF) = (&-1)€ *V(x)-~
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and for x=1 the specia simpleidentity involving the factorial scaled BN-similar matrix fBN F occurs:

1 .
142 1 .
1/12 1/2 1 :
@47y  ©/(e-1)*V(1)~*fBNF =V(1)~ 0 1/12 142 1 _
-14720 o o112 142 1
* 0 -1/720 01412 142 1
lim ol efte-DI[1 1 1 1 1 1 =[ 1 1 1 1 1 1]

where the columnsin f BN F are simple shifts of the first column.
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4. Details and some discussions
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5. Citations

[Adamchik] http://www.cs.cmu.edu/~adamchik/articles/stirlindf.pPg 8

Using the integral representation (15) and changing the order of summation and
integration, we get

< ikt 1 1p2 — 6L, (¢t
gb]m:fo 61(1—{}()‘&:“3)

From this identity one would expect the pattern to remain unchanged and so that:

In my matrix-notation it means:

V(1)~*2(1)~ * U *istl = [ {(1), {(2), {(3)....]

PO 8 i}
i e tensively studied io NT It was shown there, for example, tha |
i i
| } ke n [— :I.k— 1 ]
i = = L, = Er1 |
I L.'r.l Ik s ! l. k! I'IJ =il ) log™{1 ) =2}
; =l k=l :
i i

V(z)~ *9Z(1)~ * 9 * £St1 = [ {(1)+(0,2), {(2)+f(1,2), {(3)+(2,2),...]
where f(c,z) denotes the rhs-sum in (22)
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