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The Vander monde-M atrix

An approach to define a reciprocal

Abstract: The Vandermonde-matrix plays a speci# id this collection of articles. It is
the only matrix, which is not triangular, and canas to be taken when using it in matrix-
formulae assuming infinite matrix-dimension. Fostance, a reciprocal is not easily defi-
neable (if this would be meaningful at all). On titeer hand many binomial-formulae are
targetting this matrix, say in applaying the binairheorem to powerseries or computing
sums of like powers by bernoulli-polynomials.

Here | present an approach to define a reciprocéltlee Vandermonde-matrix as an
asymptotic of a powerseries-construction. The vemdade-matrix itself as well as its re-
ciprocal in this approach are seen as a limit 81 in this powerseries.

The limit-problem is then similar to find/defindimit for the powerserieg+x+x*+x>+... =
1/(1-x) for x->1. While a definite answer for this limit-caseuld not yet be given, a step
forward could be made, since the estimate is aa@independent and dependent on the

closeness of the used limit x->1 instead .
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1. Definition and basic properties of the Vandermondematrix

1.1. Definition

The Vandermonde-matriV is defined as collection of powers of natural nensb

(111) ZV =2V = (r+1)° /lassuming zero-based row-and column-indicesdr@n
Example:
11 1 1 1 1
1 2 4 g 16 32
_ 1 3 9 27 81 243
v - 1 4 1]& 64 256 1024
1 5 25 125 625 312%
1 6 36 26 129 7776

It can also been written either as collection afiprseries-vectors

(112) ZV=[V(1)~, V(2)~, V(3)~, ...]
or as collection of zeta-vectors
(113) ZV = [Z(0), Z(-1), Z(-2),...]

1.2. A couple of basic properties

Neither the row- nor the columnsums are convergent.
*  Column-sums

By interpreting the columns as zeta-series one as&ygn the appropriate zeta-values to its column-
sums. Define the powerseries-vector

VX)) =[1,x,%,%¢,.]~

E =VQ)
then it seems, that we could use:
(12.1) V()~*2V =Z%~ = [{0),{(-1). £(-2)....]
Example:
1 1 1 1
4 g 16 32

9 a7 gl 243
1a ad 256 1024
25 125 625 3125
36 216 1298 FFE

V(1)~*2V =[{(0)4(-1).4(-2)... ]

R e e e e
(=T, I SRR O

*
[11 11 11 =02zm 2¢-1 2¢-2 -3 -4 I(-5)]
but this guess seems to introduce subtle incomsigte. See the note below.

*  Row-sums

For the row-sums one may assign values accorditiget@nalytic continuation for powerseries V(x),
wherex <=-1 andx>= 1, according to the formuls=1/(1-x) where the row-sums were then

(12.2) ZV*V(Q) =S = [?7, -1/1, -1/2,..]~ I with,Sindefined.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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Example:

_ .
1
1

* —_
ZV * V(1) = [??, -1/1, -1/2,..] i
1
* | ‘1_
11 1 1 1 1] [ s0=7]
1 2 4 & 16 32 -1
13 9 27 81 243 -1s2
1 4 16 &4 25 1024 -143
1 5 25 125 &25 3125 =144
1 6 3 216 125 7776 =| -1/%]

(Extended rowsums occur in a paragraph below imection with rightmultiplication by thE-matrix).

Note: The assumptions, especially(in2.1) must be confirmed to be meaningful in this mataxtext.
The assumption aZV-columns representing zeta-series (and assignniergta&-values to its column-
sums) seems to lead to subtle inconsistencies.eTdiesady occur, if only the sum of column-sums are
equalled to the sum of rowsums. These sums shouée aif this guess should be consistent in the pre
sent matrix-context.

So it is possibly a better definition 8% as a composition of the binomial- and Stirlingrxaitnstead as
a collection of zeta-vecto®-x) = [1%, 2, 3, ...]. This will be shown in the next paragraph.

1.3. acouple of basic matrix-relations

* |eftmultiplication by matrix P gives StF~

Best known is possibly the property, that the fookdifferences of like powers disappear in a binomi
al-transformation.

Let °F be the diagonal-matrix of factoriadgag([0!,1!,2!,...]), StuF the factorial-scaled version 8%, the
lower-triangular matrix of Stirling-Numbers 2'nchki then

define SF =St*9F
(1.3.1) P!*ZV = StF ~
Example:
[ 1 1 1 1 1 1]
1 2 4 8 16/ |3
1 3 9 27 81 243
-1 — -
P™*ZV = Stk 1 4 16 64 256 1024
1 5 25 125 625 3125
L 1 & 3 215 129 FF7E)
1 . . . .1 [ 11 1 1 1 1]
.11 [ L .1 3 #1531
1 -2 1 . L o 20 12,0 80 180
-1 3 -3 1 o .6 B0 390
1 -4 & -4 1 . S . . 24 360
-1 5 -0 1w -5 1] =L 120

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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This formula can be rewritten to give a definitioinzZV:

(132) ZV =P * S§F ~
Example:
[ 1 1 1 1 1 1
1 3 -7 15 31
.. 2 12 50 180
ZV =P * Stk ~ .. . 6 &0 390
. . 24 380
T . . 120
1 . 11 1 1 1 1]
1 1 . 1 2 4 § 16 32
1 2 1 . 1 3 9 27 81 3
1 5 3 1 1 4 16 64 256 1024
1 4 6 4 1 1 5 25 125 G625 3125
1 5 10 1 § 1| =L 1 6 3 216 129 777g)

* rightmultiplication by matrix fSt; givesalogarithmic Vander monde-variant

define: fStF = 9F* St * 9F = fSpF
97,(-x) = diag((1+1), (1+2), (1+3), ...))

we have also:

(13.3) ZV * fStF =92,(1) * LzV
Example:
1 .
-1 1 .
=372 1 .
—d
ZV * fSg~ = “Z,(1) * LZV 1 e S . _
1 -25412 35/12 -G/2 1 .
* -1 13740 -15/4 1774 -3 1
11 1 1 1 1 142 120 1271 122 1273 12™4 125
1 2 4 &8 16/ |32 /3] | 130 131 132 133 1374 135
1 3 9 27 81 243 144 | 1440 1441 14%2 1403 144 1475
1 4 18 o4 206 1024 145 150 151 152 153 154 155
1 & 25 125 625 3125 1/ 16™0 16~1 1e~2 1673 1674 168™5
1 6 36 216 1206 7776| =L 1/7 170 171 172 173 174 175

* rightmultiplication by Matrix P (= Py(2))

Rightmultiplication ofZV with P (or a power o) means to assume divergent summation of powerse-
ries V(x)~ with x>=1 by binomials. With elementary derivation for thengergent caseg|<1l can be
found, that the result of a binomial-summation ofprseries is for a column

1a3(r), 1 1 1
2.

(1.3.4) lim= * =% for a given column ¢

xe=\lc) X x-1 (x-1Yf
and in matrix-notation for each row(r+1)~ of ZV, targetting all columns d? in a whole :
. 1.1 1 1
(1.35) lim =V (—j ~*p=—uLY (—j ~
rows-oo X | X x-1 (x-1

(see project-article [binomialmatrix])
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Example:
-, ]
1 1
lim Lx*V(LIX)~ * P = 1/(x-1)*V(L/(x-1)) ~ T ; ;
1 4 [ 4 1 .
1 5 10 10 5 1]
/2 1/4 1748 1416 1732 1/64 i 1 1 1 1 1 1]
143 1/9 1427 1481 1/243 1/729 172 1/4 1/ 1416 1732 1/64
144 1716 1/64 14256 141024 1/4096 143 1/9 1427 1481 14243 1/729
145 1525 1/12% 1/625 143125 1415625 1/4 1416 1/64 14256 151024 14096
1/ 1736 17216 171296 17778 1/466R56 145 1425 17125 1/6825 143125 1715625
147 1749 1/343 152401 1716307 17117649 L 156 1436 14216 171286 17776 1/46656)

The known analytic continuation of this powersegesnmation extends the domainxofo complex
values, allowing the general formula for any complexcepts=1:

rows~005 | 'S T s-1 (s-1

This allows to apply this relation to the matriveguctZV * P, where the first row must remain undefi-
ned yet for each rowsettingt=r+1:

(136) lim }V (}j ~*p = iV (ij ~ /I for all complex s except s=1

(13.7) lim V(t)~*P:—1'* LV[—Lj~ /I for all complex t except t=1
rows - 00 t t—-1 t—-1
Example: (for brevity extracting the row-scalingthe result, using¥t" for Hadamard-multiplication )
- -
1 1 .
7V * P = diag(Q) * M oo ;
1 3 3 1
1 4 & 4 1 .
* | 1 g 10 10 5 1]
11 1 1 1 1 p?| [ e 7e 77 77 77 7]
1 2 4 & & 32 -1 1 -2 4 -5 16 -52
1 3 9 27 &1 M3 -142 1 -3/2 944 -27/8 81418 -243/32
1 4 16 64 256 1024 -143 1 -4/3 1649 -64/27  256/81  -1024/243
1 § 25 125 A25 3125 =144 1 -5/4 25416 -125/64  G25/255 -3125/1024
1 6 36 216 1296 7776] =| -1/8Ry| 1 -6/5 356/25 -216/125 1296/625 -7776/3125)

* using matrix Py (= Py(0))

In the chapter about the binomial-matrix | introdddwo hierarchies of Pascal-like matrices. The one
variant, which is of interest hereks.

The Pascalmatrif (= P; ) can be seen as matrixexponential of a matrixatoimg the natural numbers
in the first subdiagonal. Viewing this as a versiming exponent for these entries (thu$k(1)" or
short 'P;"), the "lower order" version with exponeh({thus all entries in the first subdiagonal ayés
called P,(0) or simplyP,. (Remember that the version with exponemg known as scaled Laguerre-
matrix).

The matrixP, can be defined in two ways:

(138) define B = P(0) = Pg (¢ = 1/(r-c)! /l=0ifc>r
(1.39) ordefine R =IFl«px
Example

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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1

1

142
146
1/24
1/120

PO="F**p*F

* Rightmultiplication

1

1
1
1/2

1

/e 152
f24 146

1
1/2

1 .
1 1

Rightmultiplication ofZV with a column ofP, transforms the geometric series of each ro&\ininto
the related exponential-series, scaled by the bagirentry in the row oZV, so by

(1.3.10) ZV * Py = e*dV(e) * ZV

we have a nearly invariant transformation, whicty @erforms rowscaling aZV. (This also means, we
have formally an eigensystem and which shall sihéstl discussed later in the context of the recglroc

of ZV).
Example:(using X" for Hadamard-multiplication )
[ 1
1
1/2
146
1/24
| 1/120
1 1 1 1 1 1 el | 1
1 2 4 8 18 32 gl 1
1 509 7 Bl M3 &3 1
1 4 16 64 256 1024 e 1
1 5 25 125 825 3128 g5 1
1 6 36 216 1296 7776] =| e™6[yy[ 1

* Leftmultiplication

1/2
1/6
1724

(=T, I RN )

142
1/6

16
25
36

1
1/2

a7
ad
125
216

1

1a
gl
256
625
1296

243
1024
3125

7776

Leftmultiplication of ZV with P, seems tobe of less interest. As a notable profertihe chapter on
divergent summation however it may be observed,wkahave an asymptotic for thith row of the

result as-> inf as

P,*ZV =M
(1.3.11) lIMm, 500 M, =€*V(r)
or lim,>oomc =e*r°

Example:(using X" for Hadamard-multiplication )

1 1

1 2

1 3

Po*2ZV =M 1 4
1 5

* | 1 6

1 . 7 7

1 1 . 7oy
172 1 1 . o
16 142 1 1 . rI
1724 1/6 172 1 1 . o7
1/120 1/24 1/6 142 1 1 = rI

1

g
27
a4
125
216

asymptotic forrowr: =[ e]3x[ 1 r r*2 r*3

1 1]
16 32
81 243

256 1024
625 3125
1206 7776

? 7]

? ?

7 %

? 7

? 7

? ?
r4  reg)

The operation, which is asymptotically performedhisn a one-row shift of the1'th row inZV to the
r'th row in the result, and it may be of interebgttthe expansion of the asymptotic behaviouriisafo

fixed columnc of ZV for r->inf :

o (K+1)° -
(13.12) rImfém—exp(l) r

Identities with binomials,Bernoulli- and other nbentheoretical numbers
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1.4. The problem of inconsistency assuming ZV as matrix of zeta-series
If the above matrixoperations are assumed as densighen - being linear transformations- the same
operations on the column-sumsaY instead of its elements should be valid.

Assume for instanc&V column-summed by a leftmultiplication with a poseries vecto¥(x), where
x is chosen to get summation convergent; for ingawe may choose= %. Then we had

(14.1) YBV(h)~*ZV  *fSt~ =% V(A)~*P = V(1) ~
where the first partial product, using associatjvis
(14.2) Y5 V(¥a)~ * ZV =T~ =[1,2,6,26,150,...]
and inserting this if1.4.1)
(1.4.3) T * ot = 1o* V(¥o)~ * P
(1.4.4) V(1) ~ = V(1) ~
Example: evaluation of lhs
1 -1 1 -1 1 -1
1 -3/2 1146 -25/12 137760
.. 142 -1 35s240 -1548
VeV ()~ * ZV ¥ St~ =T~ * 1S~ = V(1)~ L . UE -5/ 177
S . . 1 -1
3 I . . . 1410
11 1 1 1 1
12 4 8 1B 32
1 3 9 27 81 243
1 4 16 64 25 1024
1 5 25 125 625 3125
*» L1 6 36 216 1298 7778
[1/2 174 18 w16 1/32 =L 1 2 6 2 180 w82 =[1 1 1 1 1 1]
evaluation of rhs
1.
1 1 .
1 2 1 .
1 4 6 4 1
L1 5 1w 10 5 1
[ 1/2 174 1/8 1/16 1732 1/64] =Lt 1 1 1 1 1]

For the convergent casi|<1 , this relation holds generally, and, for instgnce

define y = 1/x

(145) 1ly V(1ly)~* P = 1/(y-1) V(1/(y-1))

For the divergent case, whes=-1, values can be assigned via Euler-summation, laey dgree with
the formula(1.4.5)

(14.6) 1ly V(1ly)~* P = 1/(y-1) V(1/(y-1)) Il for 1/ 1

So for the convergent or the oscillating divergesde the operation seems regular insofar as we coul
proceed in(1.4.3) using the associativity and confirm that the Bigdtransform of the sums over co-
lumns ofZV agrees with the expanded operation on elemergaatf column, such that in

(1.4.7) “BV(Ee)~*2ZV *fSt~ =1*V(1) ~
(1.4.8) LV (Ye)~* P =1*V(Q) ~
(1.4.9) T~ * St =1* V(1) ~

we could use each way of associativity accorditigeeito(1.4.8)or t0(1.4.9)

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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Example:

1 -1 1 -1 1 -1
1 -3/2 116 -25/12 137/60
12 -1 35724 -15/8

~ % ~ = ~
T=* Si~=V(1) L . UE -5/12 17/
L L 1 o148
<L . .11
[12 & 26 150 wmwezl =L1 1 1 1 1 1]

But what ifx->1 ? If we would set the guessed zeta-values as sfithe columns oEZV:

assumed V)~ *zV =T~ =0),{-1),{-2),...] =[-1/2, -1/12, 0, 1/120, ...]
into T, then the summation Bt~ would lead to curious results:
define R~ =T~ * fSt- = [-1/2, 5/12, -3/8, ... ]

and it seems absurd, that this would agree withthimkable natural setting for the evaluation ie th
other way of associativity

V)~ *P  =[??2,22,22,72, ..]

which for all cases except the undefined caskis known to contain ascending powers of a constant
parameter in the result.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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2. An approach to define the reciprocal

2.1. Approximation by finite dimensioned submatrices

A reciprocal ofZV is - to say the least- very difficult to define.

To mention the most obvious problem, the entriethefinverses of finite submatrices are not corstan
with the dimension of the submatrices, and alserdg with the size of the submatrix:

Example: inverses of small dimensions:

o e 4 i 5 - 0 -5 1
3 -3 1 77412 10746 -39/2 6146 -25/12

[i ﬂ 5024 -gpp| | IR BB ST ALE 7124 5306 49/4 416 35/24
12 -1 142 712 1346 -3 11/6  -5/12

LI N S T 1724 -148 1/4 -1/ 1/24

The structure of the first row0 is obvious; the last row of a dimensian
define QM) := Z¥.nom

then for the rows r=0..n

(2.1.1) Q(ny. = (-1)° binomial(n+1,c+1)
=777
(2.1.2) Q(n) = (-1)™° binomial(n,c)/n!

The last column contains the coefficients of theiBg-numbers first kind, scaled by the reciprooél
the factorial:

(2.1.3) Q(Nn)n =St~
Example: Here the first versions @fn) * n! to compare the last column wigi,~ :

120 -240 240 -120 24

o &8 -6 2 _g; :? j: 1? -154 428 -468 244 -S5O
[_ ] -5 8 -3 5 o i 71 -236 294 -164 35

1 -2 1 -14 52 -2 44 -10
o33l 1 -4 8 -4 1

Interestingly the eigenvalues of that submatricgehthe amazing property being summable to integer
values in all multiplicative combinations.

define A = eigenvalue k in dimension n
then

SA=ZAA=ZAAA = =A% At F Ay =0 (mod 1) /l'is integer
with the number-triangle me (matrix of eigenvaluweapositions):

1 .
-1 1

1 -3 1 .

-2 15 -1z 1 .

12 -206 315 -6 1
ME = -258 10644 -20634 153712 -701 1

where the coefficients of a row r occur from thewabindicated combinations of eigenvalues of dimen-
sion r, if the produdti(x - A ) in x of all eigenvalueg is expanded then

1(x-Ag)=ME; *V(X) / for a certain row r, according to théndension n
and also the sum of like powers are integral:

1) =0 (mod 1) Il is integer for all 0<=j <=n

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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The iterative approach of approximation by incregshe dimension obviously indicates great difficul
ties, and it suggests a matrix, which can only éscdbed by divergent summation of each entryt if a
all a meaning can be assigned this way.

So another approach is needed.

2.2. LU-decomposition of ZV into P and St2F

ZV can -according to formul@d.3.2)- be LU-decomposed into the two compondhtnd the factorial

scaled Stirling-matrix of 2'nd kin8it,F.
Recalling formulg1.3.2)

(2.2.1) ZV =P * S§F ~ I recalling (1.3.2)
Example:
[ 1 1 1 1 1 1]
1 3 7 15 31
2 1z 50 180
ZV =P * StF ~ & 60 390
24 360
* | 120
1 . 11 1 1 1 1]
1 1 . 1 2 4 8 16 32
1 2 1 1 3 9 27 8l 243
1 3 3 1 1 4 16 64 256 1024
1 4 & 4 1 . 1 § 25 125 625 3125
1 5 10 1 5 1| =L 1 &6 3 216 129 7776

2.3. Reciprocal by inverses of the LU-components

Now, since for both LU-componenBsandSt,F a reciprocal can be found, the reciprocak@f(call it
W) can at least formally be written. Rec&} the lower triangular matrix of 1'st kind (which tise
inverse/reciprocal ot,), andfSt, its row-scaled versiotF™ * S, :

define fSt= 9F1* St = StF *
then (formally)
(23.1) W:=2zvt=fSy~*P™*

*  Finite submatrices

This approach is also valid for finite submatrices.

Examples with finite sizes: (the matrix functiofmvatrix,size) extracts the top-left submatrix ak$i
ve(fSt1,2)~*ve(P,2) ve(fSt1,3)~*ve(P,3) ve(fStl,4)~*ve(P,4)

ve(fSt1,5)~*ve(P5)

120 -240 240 -120 4

, & & 2 _ig gg _i; 1? -154 428 -468 244 -50
[_1 1] -5 8 -3 o w3l g 71 -236 294 -164 35
1 -2 1 a5 5 14 52 <72 44 -0

1 4 & -4 1

Identities with binomials,Bernoulli- and other nbentheoretical numbers
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* asymptotics with infinite size

Example
1
-1 .
_ 1_ -1 1 '2 1 .
W=2ZV' = fSt~*P 103 -3 1

=5 o

* -1 % -10 10 -5
1 -1 1 -1 1 -1 Toor [ SR
1 -3/2 1ls/e -23712 157760 Toor W Nl
142 -1 35724 -15%48 vof [
/4 -5412 17724 A o S S
1724 -148 Toor [ R
14120 = oo [ S

where all entries are sums of divergent series.

Unfortunately they are also of difficult type, senthey involve only like signs. So simple Euler-

summation or Borel-summation would not be applieablecause their range of convergence for po-
werseries irx is x<1 in the complex plane.

The first column of the result may -again- be gadsaszeta(0) but it is obvious from the previous
chapter, that such a guess must be related taithent context.

So to proceed a formal description of the entriesukd be found, which -for instance- is expressed i
terms of powerseries of a varialslevhere the result can then be assumed as thewimeihx->1.

2.4. first definition of the entries of W = zVv*

Let W denote the sought reciprocal@¥ and wrc its row/column-indexed entries, r/c zeasdy.
define W =W,

Example:

1 -2 1 .
-1 3 -3 1 .
1 -4 6 -4 1

(24.1)  definition of W and its entries w

* -1 5 -10 10 -5 1

1 -1 1 -1 1 -1 Wl.0 wd.1 wo.2 wWo.3 wd.4 wi.5
1 -3/2 1lée -23712 157760 Wl.0 wl.1 wl. 2 wWl.3 wl.4 wWl.5
142 -1 35724 -1548 W20 w21 w2 2 w2 3 w24 w2.S

/4 -5412 17724 W30 W31l wW3.2 W33 W34 W35

1724 -148 W 0 owd. T wd. 2 wd 3 wd 4 wdlS

141200 =] w5.0 wW5.1 wW5.2 wW3.3 wW3.4 w35

Except of one hint, namely an analytical expres$iorihe rowsums rows ifst; ~ agreeing to the first
column of the result, nothing is known about th&ieaw, ..

This direct approach has thus to be extended, aaprasentation foWV as a limit involving a powerse-
ries-expression is sought. Obviously this implis®a@an equivalent powerseries-variant Z&f itself.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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2.5. Expressing ZV and its reciprocal W as limits of a set of powerseries

To find any meaningful finite formal descriptionrfthe entries oV by evaluation of the values and to
be able to possibly recognize functional rulesaable powerseries-parameték) = [1, x , ¥, X ,...] is
introduced in the construction @V as well as in its reciprocal, thus definidg(x) andW(1/x) as pa-
rameter-dependent matrices in the following way:

definition ZV(x) := P * (Xx™V(X))* StF ~
then lim_; ZV(X) = 2V

Example:

1 1 1 1 1 1
. 1 3 B 15 il
P * x N(X)* StF~ = ZV(X) : : 20120 50 180
lim 1 ZV(X) = ZV . . . & &0 390
. . . . 24 380
* . . . . . 120
1 . *™1 0.0 =20.1 =002 =z0.3 z0.4 =0.5
11 w2 z1.0 =21.1 =1.2 =1.3 =z1.4 =1.%
1 2 1 B *™3 z2.0 22,1 2.2 223 224 =215
1 3 3 1 . . E z3.0 23.1 23.2 =233 234 =235
1 4 &6 4 1 . *5 4.0 =241 =z4.2 =z24.3 z4.4 =z4.5
1 5 10 10 & l*diag x"E) =] 250 =51 =252 =253 254 255

Example: withx = 4 we get the parametrized Vandermondematrix:
1 1 1 1 1 1
1 3 Ei 15 3l
2 12 50 150
P*4 %V(4)* StF ~ =2ZV(4) . 5 .
. . . . 24 360
x| . . . . . 120
1 . 41 4 4 4 4 4 4
1 1 47 4 20 52 116 244 500
12 1 . . . 43 4 3% 22 995 3654 12516
135 3 1 . . 44 4 52 532 4130 25684 135892
1 4 & 4 1 . 4"5 4 £5 954 11204 106180  &39108
1 5 10 10 & 1*diag 4"6) = 4 84 1524 23604 309634 3450804

and the (finite dimensioned withws=64 / columns=6}inverse gives

0.333333333333 -0. 111111111111 0.0370370370370 -0.0123456790123
-0.095594024 1506 0. 143075755525 -0.066210447 1275 0.0261853753801
0.0137934955017 -0. 03656 25065 505 0.0360334665216  -0.0193675716547

-0.001322713681953 0. 0050357 3654041 -0.00777332995526  0.00059452548749
0.0000251302632156  -0.00047 2614694 245 0.000997 327654517 -0.00119414587937
ZV(4)1 ~L -0.00000547345425495 0.0000335345724902  -0.0000599473065331  0.000140796619351

which agrees with the computation according tocthramon matrix-inversion-formula (wheye= 1/x):
(P*xV(X) * StF~ ) =St~ *y V(y) * P = W(y)
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0.333333333333 -0, 111111111111 0.0370370370370 -0.0123456790123
-0.095894024 1506 0. 1430757535825 -0.0662104471275 0.0261853753301
0.0137934953017 -0. 0365625066505 0.0360334665216  -0.01936757 15547

-0.00132271361953 0.0050337 3654041 -0, 00777332995526  0.0065943 2643749
0.0000951302632156  -0.00047 2614594 245 0.000997327654817  -0.00119614 557957
W(1/4) -0.00000547 345425495 0.0000335345724202  -0.0000399473063351  0.000140796619351

2.6. Definition of the entries of the powerseries-parametrized matrix W(y)

As in the example before, a powerseries-vetigy) (wherey=1/x) as a diagonal-multiplicator in the
middle of the term is introduced.

The matrix-product looks like:

26.1) definition W(y) = fgt* yV(y) ~* P!
lim,_; W(y) =zv?!
Example:
1 .
-1 1 .
1 -2 1 .
W(y) = fStl~* yiV(y) ~ * P* " - .
1 -4 & -4 1
* -1 5 =10 10 -5 1
1 -1 1 -1 1 -1 1 WO.0 wl.1 wd. 2 Wl 3 wl 4 wdlE
1 -3752 1l -25712 137760 2 Wl.0 Wwl.1 wl.2 wWl.3 wl.4 wWlEG
152 -1 in/24 -15/8 Y3 W2.0 w21 w2 2 wWd 3 w2 4 W25
1/6 -5/12 17724 i W30 w3l W3 .2 wW3i.3 W34 W35
1724 -ls y*5 Wd 0 wdl wd 2 wd 3 wd 4 wi b
Lla0kdiagl ¥™el) =L W50 Wo.1 W52 Wo.3 Wo. 4 Wo.h

2.7. A formal description for the entries of W(y)

In the previous formulé.6.1) y can be selected to produce convergent (or Eularrable) series and
thus conventionally approximatible values fafy) . . The reciprocal of the vandermonde mati,
may then finally be estimated as the limit of thatmx-product(2.6.1) wheny —1.

| succeeded to find a very plausible decompositibthe values ofv(y) . which agrees well with the

numerical approximations for varioysand it comes out, that the final result involvegdrithms of
negative integer arguments.

The formal reciprocal is given using logarithm(dfy) and a finite summative functid).

Conjecture:
define y be the free parameter of the powers&f{gs
define A =log(1-y);
N c!
define b(r,c, = St * % kK
(res) % b e H

then

c+l a1
(27.1) W(y);:W(,])rc - 1y . b(C,rI,)I )*/1’

' -y r!
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2.8. Approximation-Examples

Real arguments near y=1

Example: using x = 2, y=1/2:
281) ZV(2)*W(2") =1+ eps

. 00000000000
. 00000000000
. 00000000000
. 00000000000
. 00000000000
. 00000000000

LR U N XY

zv() L

1. 00000000000
-0.893147 180560
0. 240226506955
-0.055504 1056645
0.00561512910763
-0.00133335551464

wzh L

1. 00000000000
-3.70019302171E-80
-1.36326561851E-65
-2 67436249524E-60
-8.43461919779E- 54

ID+eps =L -1.95121321612E-43

2. 00000000000
6. 00000000000
10, 0000000000
14 . 0000000000
15. 0000000000
22, 0000000000

- 1. 00000000000
1.893147 18056
-0.933373657519
0. 295730615624
-0.0651222377725
0.0109514849223

9.4579522734 3E-95

1. 00000000000
1. 27175939540E - 66
2. 4944655944 3E- 55
7.8e607074801E-52
1.81942000654E- 46

Example using x=1.1, y=1/1.1
282) ZV(1.1)*W(1.1) =1+eps

. 1000000
. 1000000
. 1000000
. 1000000
. 1000000
. 1000000

e

zZv(1) L

10. 000000
-23.978953
28.749509
-22.979437
13.775571
-6. 6064752

wW(.1h *L

1.0000000
-3.3379104E-45
-6, 6069365E - 34
-6, 9701 2536E- 260
-1.16832630E-19
-1.4746696E- 14

ID+eps

Example using x=1.01, y =

1. 1000000
2.3100000
3. 5200000
4 7300000
5.9400000
71500000

- 100, 00000
339.78953
-527. 23461
517. 23946
- 367 . 55005
203.52046

4. 7147545E-62

1. 0000000
1.8267264E-31
1.9262531E-23
3. 26687484E- 17
4 0721745E-12

1/1.01

2. 00000000000
14 . 0000000000
420000000000
&6 . 0000000000
146 . 000000000
222.000000000

1. 00000000000
-2.193147 18056
1.779847 27760
-0.7624174593535
0. 212987545554
-0.0435126038085

-4, 39273538791E-56
-1.60313665165E-76 4.

1. 00000000000
-1. 15799525057 E-56
-3.65107786178E-50
-5.44366328530E-45

ey

-

[t

1.1000000
47300000
11.022000
19. 874000
31.592000
45 870000

1000, 0000
- 38978953
6971.7933
-7809. 3176
6261.9451
-3575.9550

-5.6650223E-60
-1.3045930E-40

1.0000000
-2.7192965E-21
-4.6125467E-15

-0.00000000057440626  0.000000055187 220

. 35410703507E-94]

.B1960512354E-63

L BO0F7293368E-43)

2.00000000000]
300000000000
154, 000000000
470000000000
1074 . 00000000
2062.00000000

-1.00000000000
2. 52648051389
-2 51099633759
1.35573521665
-0.467126698712
0. 114508452337

94117050698E-75

1. 00000000000
124758047 34E-45

1. 1000000
g, 5700000
534012000
&5, 210600
165 . 95040
291.01600

-10000. 000]
42312 286
-82710.922
10133249
-BE650. 550
59632 710

&.4174187E-58)
1. 2555099 - 56
2.4516715E-27

1. 0000000
4. 4332739E-13

283) ZV(1.01) *W(1.01) =1+ eps
1.0100000 1.07100000 1.0°100000 1.0100000]
1.0100000 2.0301000 4. 0703000 G. 1507000
1.0100000 3.0502000 91912020 27 655012
1.0100000 4.0703000 16. 372706 65, 766560
1.0100000 5.0904000 25.614512 12572897
Z\/(l_O]) 1.0100000 6. 1105000 36.917520 222.78580]
100, Qoooo - 10000 . Q0o 1000000 . 0 -1.0000000ES]
-461. 51208 56151, 205 -6115120.5 6. 44534 5359E3
1064 9669 -152647 89 18072349 -2.0110723E9
-1638. 3168 270328 .37 - 3665231, 4 . 0689345E9
1590, 2574 -352857 .42 45502160, -6. 0357 235E9
\A/(l_()ll) * -1744 7531 363501.05 -53992978. 7.0260363E9)
1.0000000  3.5931732E-42 -2 7G04965E-39 1.5257319E- 36]
-4 1791753E- 26 1.0000000 -4 5494028E-20 2.6589100E- 17
-7 3952843E-15 1.0966645E-11 0.99999999 0 0000046943993
-0.00000069905473 0.0010359932 -0.80893520 4435 95350
-1.0655779 1575, 1584 -1251569.9 6. 7401233E5
|[)4-e[35 = -119450. 30 1.7681403E5 -1, 3791135E11 7. 5435665E13]
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Complex argument near y=1
Example: x= 1/(1+0.1*); y =1+ 0.1*

284) ZV(1 +0.1*) * W((1+0.1*I)%) =D + eps

ZV(1+0.1%))

W((1+0.1*1)%)

ID+eps

0.590059071-0. 093009307%1
0.59005901-0. 099005301*1
0.990055071-0. 08900930 1*1
0.59005901-0. 093005301%1
0.59005901-0. 099005301*1
0.59005901-0. 093009301%1

- 1. 0000000+10, D00000* T
15.010545-21. 45505541
-37.586171+10. 55559341
34, 375348+11. 578356%]1
-15.241251-20. 16420551
* 0. 63407444+ 14 . 074133*]1

1.0000000-1. 960655 1E-60*1
1.9020210E-41-3.7351337E-41*]

2 5801312E-30-7 . 0455553E- 30+1
1.6471733E-22-6.9691125E- 22%]
1.2553865E-16-1. 09157 51E- 15+1

= L -2.5411865E-13-1. 2350213E- 10*I

Example: x= 1/(1+0.01*); y =1 + 0.01*

285) ZV(1 +0.01*) * W((1+0.01*I))) =1+ eps

ZV(1+0.1%))

W((1+0.1*1)%)

ID+eps

0.5995500071-0. 005599000 1*1
0.5995500071-0. 005599000 1*1
0.5995500071-0. 005599000 1*1
0.5995900071-0. 005399000 1*1
0.5995900071-0. 005399000 1*1
0.5995900071-0. 005399000 1*1

-1.0000000+100 . 00000* I
161.65480-455. 94522%1
-732. 748544929 F757E*]
1611.6400- 1043, 5923%1
-2265. 2869+568 . SO052*]
* 2265.0343+187 . 9656 5%1

1.0000000+3. 9135930E-44%
1.0193154E- 24+6 . 4647895E-25%]
1.5145995E-13+1. 082164 1E-15%1
0.000017223105+0 . 0000096505500% T
26.305720+13 . 968064+ 1

= 2950412, 0+1482395 . 1*1

7099624 2E-11-0. 0000000005564 1604 T

0.590029071-0. 09300930°7% 1
1.9605921-0. 255065111
2.9310852-0.451125832%1
3.9015783-0.658718753*1
4 5720714-0.858324674%1

5.5425645-1.0793060%]

99, D00000+20, 000000* 1
-295 . 54000-221. 5605441
264 S0976+587 D7 7E4%]
G2, 189149-715. 5924 2%1
-367.04219+464 4252251
358, 30869-125 0147241

-5.6102204E-55-6. 5559 270E- 55%1

1.0000000+4 . 93495377E-41*]
-1 FTE09T0E- 27+ 23915550 26%1
-1.6582321E-19+4  1335275E- 20%1
-2, 451707 3E-15+5 . 257 1182E- 14+

-0. 000000026 200027+0. 000000071 355954 2% 1

0.99990001-0. 009995000141
1.59996001-0. 02995500141
2.9993001-0. 04995100141
3.9990002-0.069957002%]
4.9957002-0. 03995 3002% 1

5.9954003-0. 10997300*

9989 0000+ 200 . 00000 T
-55731.937- 16827 . 427%]
137977 . 77+905332 . 056% 1
- 1845582, 42-236412 . 255
1573471, 56+389304 . 55*1
-33531.765-453412 . 74*]

2.85974033E-41-9. 401574 5E-4 1%
1.0000000-1.6382252E-21*1

0.0059380345-0.027131523*1
7961.0186-41075 . 25541
7. 789747EES-4, S701479E9*]

-7 . 3055096E-38-1 73154 13E- 39T
-1. 26109638 - 18+5 . 2606618E- 21*1
0. 998395975+0 . 000000007 5757 965%1

.99009901-0. 09900990 1% |
3.8015733-0.65718753*1
8. 6960024-1.8557751%1
15.373371-3.6047815%1
23.933685-5.9341975%]
34.376944 -5 844027 1% |

o

299.00000-970 . 00000~ |
- 2660 . 6454+3215 . 539441
7399, 5608 3424 . 0304*]
-10175.879-511. 52405+
7829 0576+4905 . 0570+
- 3030, 45335-5775, 5241+ |

2. 27046ETE-56+6 507 1875E- 5651 |
5.3539803513E-37+1. 095266 3E- 36%1
1.0000000+1 . 529077 3E- 2551
1.3373881E-17+1. 59565 11E- 17*1
2.5244961E- 11+2 . 155434 3E- 111

0. 00000255854 35 2+0 00000214 1235541 |

01.93990001-0 . 009399000 1%1 |
3.9990002-0. 069957002%1
§.9969006-0. 1899550 1*1
15.993601-0. 38990302%1
24.989102-0.60953103%1
35.953404 -0, 9097 3905*%] |

29999 000-399700 . 001 |
-1755474 . 1+6056216. %1
10090421, - 16455125 . *1
- 28446507 . +26116302 %1
51005937 . - 24976246 . %1
-B49 15721 +1057 2179 *1 |

-20. 545582+ 1 . 23344051
- 30650961 . + 2609520 .51
-3 41227 17E12+3 . 6639 T10ET1*] |

It may be of interest, that witleal(x) = 1 andimag(x)<>0, the reciprocal has the first element exactly
with real-part ofi, systematically different from the iterative apxiroation-approach with increasing

finite size.

For the top-left elemen(y), we have a zero-denominator for the limit-cgse , so | still cannot as-
sign a meaningful value to this element. For subsatentries in this column however it may be possi
ble, that the multiplication with powers t ,..; log(1-y) allow to assign meaningful values to these

entries.
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