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Some Zeta-identities, which occur from the summations of
the binomial matrix P and bernoullian matrices G, and Gy,

Abstract: Some simple identities of zeta-sums ateng They occur as results
from a Borel-Summation over the bernoulli-numbeochnected to some
known matrix-identities.
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Zeta-sums / Bernoulli-numbers

1.

2.1

Intro:

In a discussion-thread in new:sci.math Robert Issaswered to my question concerning
the possibility of (divergent) summation of Berngaumbers and gave a solution which
involved the values of the zeta-function at positinteger arguments using Borel-
summation. From this evolve then further identifi@szeta-sums or sums of the fractional
parts of zeta-values, some of them not shown ilbaoks or in internet ressources.

Preliminaries

Notation, Definitions:

| present the discussion with my current notatiomiy matrix-identities-project.
(2.1.1) All matrices are understood as of infinite dimensio
(2.1.2) vectors are assumed as column-vectors (again mfitlite dimension)

(2.1.3) row/column-indices of matrices/ vectors ar@ow) andc(col) and are zero-
based

n_n

(2.1.4) from the convention of the Pari/GP-softwareprogiamake the notation
for matrix-transposition.

Vectors
A vector used for powerseries-representation:
(2.15) V(X) = [1, x, X, ,...]~
a shortcut for a simple summation:
(2.1.6) E=V(X)=[1,1,1,1,...]~
so that the sum of the series
1*¥1 + 1*1/2 + 1*1/4 + 1*1/8 + ... = 51— o0 112"
can be written as
E~*V(1/2) =5120.001/2" =2
The alternating sum can be written usif@l), | introduce the diagonal-matrik
(2.1.7) J=V(-1)=[1,-1,1,-1,..]
A vector, which represents a zeta-series is naed a

(2.1.8) Z(s)=[1° 2° 3° ..]~
Z :=Z(1) for brevity

The factorial vector is noted as

(2.1.9) F(s) =[0!'® 1!°5 215 ..]~
F = F(2) for brevity
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Zeta-sums / Bernoulli-numbers S. -3-

and, for instance
F(-1)~*V(2) = 1/0! + 2/1! + 4/2! + ... = exp(2)

Generally, if these vectors are used as diagoneimata formula, then | prefix them with
a superscript :

@110) % =diag(J)

@111) % =diag(E) (Identity-matrix)

However, for the most common matrices and in lorigemnulae | shall omit the prefix for
brevity, if the diagonal use is clear from the @xtt so generally | write simplyor J.

Matrices
1 . 1
11
12 1 .
Basic matrices are the pascalmaRix p=L1 3 3 1]
1 . 1
1 -1 .
1 -2 1 .
the signed pascalmatri = P * °J P=L1 -3 3 -1
It is worth to mention that
P'=J*P*J=J*P
and thusp; is its own inverse.
The eigenmatrices &, , G, andG,, with the properties: ) i
1 :
(2.1.12) G=J*Gyp*J 1/2 142 .
(2.1.13) R=G,*J*G," W6 142 143 .
(2.1.14) JFP=Gn*J*Gy* L0 14 12 14
or .. J 7 1 . T
(2115 R G=Gp*J D | e e s
(2.1.16) P Gn=GCm*J 1 -3 3 -1 4 0 -1/4 1/2 -174
(2.117) P =GG," - .

G, andG;, contain the Bernoulli-numbef$ similar to the bernoulli-polynoms, for instance
the top-left submatrix o, is:

1 .
/2 12 .
(2.1.18) Gp 1= 9prc =binomial(r,c)*l%.c /(c+1) W6 142 143 .
using;l= +1/2 0 1/4 142 144
-1/30 0 143 1/2 145

o -1/12 o s/12 1/2 146

The entries of a row represent the coefficientstha integral of ther'th Bernoulli-
polynomial; G, with the original settind,=-'2, G, with the alternate setting=+% and
also simplyG,=JG,J .

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



Zeta-sums / Bernoulli-numbers

2.2.

If B is the matrix of bernoulli-polynomials, then
@119)  Gpn=B*%(1)
The definition of the entries is exactly:

(2.1.20) G e := B¢ * binomial(r,c) / (c+1) I 3=-%
(2.1.21) Gp rc := B¢ * binomial(r,c) / (c+1) I 3= +%

a couple of important properties of Pand P; :

The most simple propety &fis, to transform a powerseries according to tnerial-rule

(2.2.1) P *V(s) = V(s+1) for all complex s

for instance
P *V(2) =V(3)

[ECRIE
[TURN R
[y

The column-signed matri® has the more interesting property to have an iamawector,
since from

(2.2.2) P*V()=V(c+1)
follows first:

(2.2.3) P *V(-c) =V(ct+l)=V(1-c)
PJ*V() = V(1-c)

and then the symmetry about the center:
P*V(%2) = P * V(-%) = V(-Y2+1) = V(%)
(2.2.4) P*V(%2) = V()
andV(¥2)is an invariant with respect to the signed bind#ttensformation, or shorter: w.r.
P,-transformationV(Y2)is thus an eigenvector 8f associated with the eigenvaliie

Even more interesting i®, , in that among the infinite number of
eigenvectors, which occur from the infinite muligitly of this eigenvalue,

is also the vectoB® containing the Bernoulli-number8’( meaningl, is
+1/2 assumed), so that *[
(2.2.5) Pj*B=B"*1 1 i
(2.26) J*P *B =B *1 1 -3 1
1 -3 3 -1o

In [Binomialmatrix] | have considered some more peuies; the reader
may find the explicite derivation of this propernd moreover, how a full set of eigenvec-
tors can be found, namely the matriGsandG, .

I
[0 e

! B = R )

1s2
1/8

1/2
1/8
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3. Sums of Bernoulli-numbers, {(} and fractional parts of {(}values

3.1. Sums of Bernoulli-numbers give {()}values
Here | present the relation between the matriégsnd G, and the values of the zeta-
function, as Robert Israel has shown it inshemathdiscussior(see Appendix)

The basic information is here:

(3.1.1) E~*Gn=[{(2)-1,{(3)-1,{(4)-1,... ]
312) E~*G=[{2) .3, {4) ... ]

Example:
1 :
-1/ 142 :
146 -1/2 173 :
E~* G, = Zet~ o 1/4 -1/2  1/4 .
- 1430 o 1/3 -1/2 145 :
* o -1/12 0 5/12 -1/2 146

[ ]

lim,see L1 1 1 1 1 1] =[ 221 231 24-1 251 26-1 27-1]

z2-1 etc is heré(2)-1 etc

which can be found by Borel-summation:

613)  (2)= Z R’ 2(2)-1 =§ R (Borel)

and appropriate modificationsee 4.what ig.

My question concerned the column-sumsGyf which led to the result i§3.1.1) from
there more modifications can be deriliethe replacement db,, by G, requires for each
column only the double addition of the reverse-stymalue of3;, thus simply an addition
of the unit in each column-sum:

(3.1.4) R-B,=1/2-(-1/2)=1

For brevity, | note the vectors

(315) [((2) ,d3) , {4) ...] =Zet
(3.16) [02)-1, {3)-1, 4)-1,...] = Zet,

where the second row contains just the fractioad @f the zeta-values:

(317) [{d2)}. {B)}, {dD}....] =Zeth

whose sum is convergent and is thus easier to damainalytical formulae, where conver-
gence is assumed.

Here some variants of these zeta-sums are of sitere

! the Borel-summation is regular in the sense, finitely many arithmetical modifications do not

affect the consistency of the result, for instatiheeadding of the unit as done in (3.1.3)
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3.2. Sum of {&2)} + {ZB)} + {Z4)} +....

The first variant can be constructed by the exmanef the trivial matrix-product:
E~ =E~ *I
into
321)  E~ =E~ *(G,*Gp")

| preferG, andG,, " here ovelG, undG,", since the sum of the sum-vectors is also conver-
gent. This sum occurs in the postmultiplication@y" - if we would use th&, matrices
we had already divergent sums at this point.

Interchanging the order of summation and applyirgalready known sum-formula for the
columns ofG,, giving Zet,,;:we have:

(32.2) E~ =(E~ *G,)*Gy,"

1
(323) E~= Zet *Gy Zet~ * Gyl = E~ 12 .
13 3
x| 14 6 4
[ 22-1 231 24-1 2z5-1] =L1 1 1 1]

G has the form:

(32.4) Gt =

A
U
[my I XL I

=

and using the first column, for instance, is idegtto using the simple summing-veckr

Multiplication of Zet, with the first column irG,;* must givel, because of the first entry in
the result (which equals according td.2.2:

Zet ~ *E=E~, =1

i(Z(ZH)—l)* 1 =1

(3.2.5)

and, since&(2+r)-1 means also the fractional p&t2+r)} of {(2+r) we can say:

(3.2.6.) the sum of the fractional parts dR) up tol(inf) is = 1

or, using thgx}-notation for the fractional part of a number

27) {2+ O} +{A} +{{O}+...=1
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More over, because we deal with matrices, the sasdt is valid for each of the columns
in Gy, and we get the infinite list of identities:

1=3{7(2+r)} =1+ 1 {21 o).

@28) 1:°z_°{5(2+r)}*[rﬂ =2 {c@) o {5+

r=2

1:§{((2+r)}*(r;1J =3+ {z(a}+6*{7(5)}+10x{7(6)} +...

If we reorder the formulae and rearrange the restile beautiful result occurs:

(3.29)
HA2)} +1{C@)} + L{{A} + 1{CB)} +....=1
H{d(2)} +2 {C@)} + 3{{(M} + 4{B)} + ... =((2)
143} +3{(4)} +6{l(O}+ ... ={(3)
T@} +4{O}+...={4)

The sum of the original zeta-values cannot simglgiven, since each value is greater than
1 and the partial sums would diverge.

3.3. Alternating sum {{(2)} - {{(3)} + {{(4)} -....

The alternating sum is "technically" interestingcause in the formula of the previous

chapter
(33.1) E~ = Zet~ * Gt

the diagonalmatrid is inserted, and the resitis not obvious:
(33.2) X~ =  (Zet~*J)*G,!

But recalling, thaZet,~ = E~ * G, we have:
333) X~ = (E~*G) *(J*Gp")

and the rhs is the known eigensystem fg@e= G,,* J* G, " so 3.3.3 is simply:

(3.34) X~ = E~ * G,* J* Gm—l
= E~ * J*P
(3.35) = V(_l)... * p

which means, that the sought res¥i# is nothing else than the alternating summed co-
lumns of the pascalmatrik
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These sums are not convergent, but values cansigmned by the techniques of divergent
summation. The domain for the sums in

(336.) Y~ = VX-~*P
can meaningfully be extended to&f>1 according to
1 X X
(337) Y~ = [1, : (——Y),..]
(1-x) (1-x) 1-x
For the given case=-1 this is then:

@38) Y~ =% * [1,-1/2, 1/4, -1/8, ...].
Y~ = Y*V(Ya)~

The complete derivation:

X~ = Zef~ *J *Gy!
= E~*G, *J * Gm-l
= E~* J*P
(33.9) = V(-1)~ *P
= Yo V(-Yo)~
thus
(33.10) Zet~*J* Gyt =15 V(-%%)
and
(33.11) Zet~*(3* Gy'J)=Zet~* G,' =% V()

The alternating sums of the fractional parts ohaetlues of(2) to {(inf) are more explici-
te as follows (according to the different column&i,™):

Sy {eeen) = et =2
3312) °2_°(—1)f*{5(2+r)}*(rﬂ -2 | de@n-slecnsafean-.. =7
00 1
Z(—l)f*{az”)}*[r;} =2 [deel-sfes 106} =3
another display: Example:
1 .
-1 2
1 -3 3
1 4 -6 4

Zety~* (J Gt J) =% V() ~ [
[ .
=[ v

lim [ 22-1 =23-1 =24-1 =25-1] 144 1/8  1/16]
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3.4. A differently weighted sum  15{(2)} +2* {{(3)} + 3 * {{(4)} + ...

Precisely said, the following summation assignsdditional cofactor to the previous ex-
ample. In matrix-notation expressed with an addalaliagonal zeta-vectdr(-1):

(34.1) X~ = Zet~ * "Z(-1) * G, *
| don't have the analysis for these sums, but @itler-summation | get the interesting and
much likely proposition:
(34.2)
a2 +2 {{B)}+3 {{(4}+4 LB}+...=17((2)+1) -1
2%2{(3)} + 3*3{((4)} + 4* A{{(5)} + ... = 2*({(3)+1) - 1
3*G@)} + 4% 6{((B)} + ... = 3*(((4)+1) - 1
4% AL} + ... =4%({(5)+1) - 1

thus
(343) Y~=[1%({(2)+1), 2*((3)+1), 3*((4)+1),...]-1
(34.4) =[{{2}+2, 2{B)}H+4, 3*((4)+1),...]-1
(345) = (Zet~ + (Z(0)~ - Z(1)~) ) €2(-1)

or rewritten:

(3.4.6.)
@)y +2 LE}+3 Lap+4  LO)+...=142)
H2)} +272{C(3)} + 3*3{c[4)} + 4" 4{C[S)} + ... = 2((3)+ 1 ((2)
2 J3)}+3*3{{(A)} + 4% 6{((5)} + ... = 3{(4)+ 2((3)
3 @)} +4* A{LB)} + ... = 405)+ 3{(4)

3.5. Sums using the original zeta-values [ {(2), {(3), {(4)... ]
To get simple results for the original zeta-valaeset of cofactors must be chosen, which
forces convergence.

| dea:

The vectorZet occurs from summation using tk& matrix instead of th&,-matrix. The
Gp-matrix has the property to transform a vector taming a powerseries ¥ into a sum

of such vectors, for instance:
(35.1) G, * 2*V(2) = V(1) + V(2)
generally
(35.2) Go * n*V(n) = V(1) + V(2) + ... + V(n)
Conversely, to get a vectdi(n) as result of &,-transformation, one can subtract:
(35.3) G * (n*V(n) - (n-1)*V(n-1) ) = V(n)

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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Example 1

To have a simple example for the sum of zeta-vahigsan apropriate set of cofactors in a

vectorW
Zet~*W =x

we choose a vect®W, which assures convergence, for instance a ved(e) or a variati-

on. UsingG, we already know, that in a formula
G, *W =X
if X is a powerserieg(n), W is the following variant:

G, * W =V(n)
W=nV(n) - (n-1)V(n-1)

and since the summation Xf= V(n) in
E~*G*W =E~*V(n)
eventually shall be convergent, we choose Krst V(Y2).

The sums of lhs and rhs

lhs: Zet~* W = Zet~ * (Y2 V(¥2) - (*2 -1) V(¥2-1) )
rhs: E~ * V(%)

are both convergent and we get Var

(35.4) Gy, *W = V(%)
(35.5.) W = Y2*(V(¥2)+V(-%2))
= [101/40 116 0 1/64 0...] ~

From the known sur~ * V(¥2) = 2 we get thus:

E~*(G *W) = E~*X
E~* G)*W = E~*V(%)
Zet~ *W = 2
(3556) Zet~*[1 0 1/4 0 1/16 0 1/64 0~.3 2

or.

psny QL)

2c
c=0 2

which can be verified easily due to good convergenc

Example 2
Analoguously ony may choose
X =V(1/3)
ForW we get
W = 1/3*V(1/3) - (-2/3)*V(-2/3)
(35.8) = [1, -1/3, 3/9, -5/27, 11/81, -21/243, ... ]~
and
E~*(Gp *W)= E~ * V(1/3)
Zet~ *W = 3/2
(35.9) Zet~ * [1,-1/3, 3/9, -5/27,11/8114#243, ... |~

= 3/2

Identities with binomials,Bernoulli- and other nbentheoretical numbers
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or

(3.5.10.) i((2+c)((éjm _(_i)ﬁ J:g

Proposition for a general result

Generally this should give:

n n

00 1c+1 1_n c+l n _
(35.11) 2 . -1 forn>=1
Seerof (3 5 e

(see the similar expression of P. Abbott at 4.2)

3.6. Summation of powerseries-weighted Bernoulli-numbers to {-values

The successful summation of bernoulli-numbers éxablumns of5, suggests to consider,
which else sums may meaningfully be constructethdéncontext oP,, whose eigenmatrix
is G, , a further interesting possibility may be consedie

First recall, that from the eigen-decompositiorPeft is:

(3.6.1) Pi*Gy* ol =Gy
and the summing along columns on the Ihs shouldlega same sum in the rhs.
Now, we have:

(36.2) 1/s V(1/s) * P = 1/(s-1) V(1/(s-1))
for instance

[1/2,1/4,1/8,...]1*P=]1,1,1,1, ..]

and on the other hand

(36.3) P*Gp*Wd=P*(WJGJ)=P*Gy,

The summation
2V(2)~ * (P*G)
can be rewritten as follows:
(36.4) (2 V(E¥)~*P) *G=V(1)~*Gn
and the rhs was already analytically determined as

(365) V)~ * G,=Zet~ ={(2)-1,{3)-1, ...]
so that also the lhs must be

(36.6) BV (L)~ * P * G= Zety~ = [{2)-1, {3)-1, ..1]
and since® * G, = Gy it is now also

(36.7) B\~ *G =Zeth~ = [{(2)-1, {3)-1, ...]
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Thus we arrived at the following two results

(36.8) V(1) ~

*e= [d2) {3 ,..]
(36.9) BV ~ * G = |

{2)-1,43)-1, ..]

and this suggest, to construct this way a systengatineralization, like

1UnV@n)~ * G =[x X % e ]

Using Euler-summation one finds the very likely gext limit for a columret :

(3.6.10.)
1UnV@n)~ * Ggq = J2+C) - Skerna (LK)

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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3.7. Summation using Bernoulli-numbers to get harmonic numbers (any order)

Eq. 3.6.] implies a surprising and seemingly little knownrsnation-property of the Ber-
noulli-numbers: the summing of negative powersaitimal numbers.

If subtracting

(V~*G) - (UnV(n)~* )

one gets -after collecting cofactors@ffor a columnc :
(37.1) (VD) -1 V@)~ * Gy = Ser.na(1/Kk?)

For columnc=0 (the unweighted sequence of Bernoulli-numbBrs#+1/2), this gives the
general expression for=1 :

(37.2)
Sk=0.00(1-1H) Re= Sy na (UK) =1+ 12+ 1/F + ...+ 1(n-1¥

for columnsc=1,2,3

(3.7.3)

Sketoo (-1 k0 Ru2= 5 (U =1+ 12+ L+ 1/(n-1Y
Sk=2.00 (1-1/8) bi(k,2)) B2 /3 = ey na (WK) =1 + 1/2* + .. + 1/(n-1f
Sk=3.00 (1-1/8"Y) bi(k,3)) Rz /4 = Spey. 0 (UK) =1 + 1/2° + .. + 1/(n-1F

This suggests that generally, for a coluomve get the harmonic numbers of varying or-
ders:

o0 1 YK R, 1 11 1
1- =< = =1+ + +o+
(3.7.4) é( nk+l j(cj c+ 1 = k2+c 22+c 32+c (n _ 1)2+c

which is in the limit for fom->00 the already known result:

00 k 00
(3.7.5) Z( Jk = k3+c = Z(2 + C)
k=1

—\cjc+1
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3.8. provisorial concluding remark

All the above sums-off) approaches may be seen as consequences of tHe aiapix-
product of the horizontally flipped ZV-matrix (wiihcreasing positivé() exponents to the
right) with the binomial matrix, which immediatelplds, as far as convergence in one or
another way of using associativity is given. Rementhat in the following scheme:

Example:
- ]
1 1
lim LAcV(Lx)~ * P = 1/(x-1)*V(L/(x-1)) ~ T ; ;
1 4 [ 4 1 .
1 5 10 10 5 1]
142 1/4 1/8 1416 1732 1/64 i 1 1 1 1 1 1]
143 1/ 1427 1481 14243 14729 142 144 148 1416 1432 1/64
174 1716 1/64 1/256 141024 17,4096 1/3 1/9 1727 1/a81 1/243 1/729
145 1725 17125 1/625 143125 1415625 1/4  1/16 1/64 17256 171024 1/4096
146 1/36 14216 171296 17776 1/46656 145 1425 17125 1/625 153125 1715625
147 1449 1343 152401 17516307 1117649 L 1/ 14368 17216 141296 147776 1446656

the postmultiplication using the pascalmatBxprovides simply a row-shift of the lhs-
matrix, whose column-sums represent {fi®-values-minus-lthus the fractional parts of
the {(n)-values.

For all product-sums (rows of lhs-matrix by colummfsP-matrix) we have convergent
summations. The Ihs-column-suraad those of the result are convergent excepthier
first column - and thus convergent column-sumgh@eresulting matrix - in the result just
the lhs-sums1 , thus the originad()-values.

Using P or powers ofP (including the reciprocalP™) such {()-sums can be constructed
easily. Powers oP simply include powerseries vectors as cofactorhéncolumns of "
(for details see articldbinomialmatrix]), which then only iterates the shifting process: s
also sums involving powerseries-weighyvalues are easily accessible this way.
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4. acouple of formulae and snippets

4.1. Sci.math: what is the sum of
00

> cekn)* B, =?

k=0
Robert Israel in sci.math:

firet example; n+1. Use
(4.1.1) F(z) = i R*z= L|J[11+ lj* 1
k=0 V4 z
then
eF)=3 ar ket 7 =-v(aas 1) 2
k=0
st)=2(¢(3)-1)

(4.13) (In the current notation this means :)
E'* G.[*1] = S(1)/2 = {(3)-1

(4.1.2)

Generally for ahy n

d" 1), 1

(Z”F(Z)):ki:o(; [S(* (k+n)___(k+1)* Zk :(_1)n Lp(n_l_l,l_l_zj* F

dz

(4.14) ( 12)
n LP n+ Y

S(n)=(-1) — =(n+1)(¢(n+2)-2)
(4.15) (In the current notation this means :)

E*Gltn]  =Sn(n+l) - B+B,"

= {(n+2)
where §-1/2, B =+1/2
4.2. P. Abbot

Am 18.09.2006 12:14 schrieb Paul Abbott:

@.2.1) L :§Z(2+k)(p"+l—(p—1)k+l) 0<ps<l
I-p k=0

422) 1p =3 (-1)¢2+K)p ~(p-1)+) 0s p<1
k=0
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4.3. arepresentation of the alternating sum of {(2k) k=L1..inf

1
&7 -1

S %7 (2K ) = - L
a1y XA = A B = )

(Pari/GP) =0.5766740474685811741340507947

Plouffe:  Real and Imaginary parts of the DigammaPsi function at a+b*i
0.5766740474685811 = Im(Psi(2+1*1)

4.4. Reflectionformula Zeta

(44.1) J(1- s)——r(s)cos(— ) (s)= —E for even integer s

(2mry’

WP (3 ‘2”)

3 for even k

45. Gene Ward Smith in sci.math

http://groups.google.com/group/sci.math/browse_frm/thread/cbcd1d11e797e810/15e805d436f3c8ac?Ink=st&q=
&rnum=4#15e805d436f3c8ac

Here'e another inferecting Borael eum:
J0) + -1) + {-2)+... =-1/2-2R,/n
whara (¢) ie the Riemann zota function. Then we gat
Zn=0.infinity {(-N) X"In! = ((x-1)exp(x)+1)/(x (exp(x)-1))

The Borel cum ie
inf
J exp(-x)((x-1)exp(x)+1)/(x (exp(x)-1)) dx -
where Y i¢ the Euler congtant.

4.6. Another posting:

(46.1) PG(01-p)+y = _Uzo Z(+K)pt  0<psl
k=0

wobei PG(a,b)=PolyGamma(a,b)
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[Gaussmatrix] http://go.helms-net.de/math/binomial/04 1_gaussmptif
[Stirlingmatrix] http://go.helms-net.de/math/binomial/05_1_stirlpdf.
[Hasse] http://go.helms-net.de/math/binomial/01_x_recihgsdfe

[Vandermonde] http://go.helms-net.de/math/binomial/10_3 Inversadé&mondel.pdf

[GenBernRec] (Generalized Bernoulli-recursion)
http://go.helms-net.de/math/binomial/GeneralizediBatiiRecursion.pdf

Projekt Bernoulli-numbers, older versions of thexah contains the basic material abGytandGy,

[Bernoulli] http://go.helms-net.de/math/binomial/bernoulli_efi.p

[Summation] http://go.helms-net.de/math/binomial/pmatrix.pdf

Gottfried Helms
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