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02 Signed Binomial/Pascalmatrix PJ

Abstract: The (column-) signed version of the Pama#rix earns special attention due to

its many number-theoretical relations. Not onlyitinear-related to the ubiquituous unsi-

gned Pascalmatrix, but also has it a remarkableeefgystem, which consists of the ber-
noulli-numbers or alternatively the coefficients the Euler-polynomials and others, as

well as it allows summation of unsigned series Wwhire outside of the region of conver-

gence by replacing them by their alternating vensids the most important may be seen
the variants of zeta-summation here.
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1. Identities

1.1. Therow- and column-signed versions of the "Pascal"~/ binomialmatrix

The "signed binomial" or "~Pascal" matrix contajust the binomial-coefficients in a lower triangle,
column- or rowwise alternating signed:

1.
1 -1 .
@11) Py:=Py,.=(-1)° *binomial(r,c) /l'if r>=c 1 -2 1 :
(1.1.2) =pP*J 1 -3 3 -1
1 -4 & -4 1
| 1 -5 10 -0 5 -1
Fo1 .
_ _ . -1 -1 .
@13) 3P =Py =(-1)" *binomial(r,c) Il if r>=c 1 2 1
(1.1.4) =J*P -1 -3 -3 -1
1 4 & 4 1 .
| -1 -5 -10 -10 -5 -1

1.2. Matrix-multiples with integer powers

A consequence dfi..2.1)and(1.2.2)is, that each even power Bf or ;P equals the identity-matrix:
(12.1) P%= 1 PH*=1
Odd powers equal thi# or ;P themselves:

(1.2.2) P, = p, PH= p

1.3. Reciprocal ("inverse" for finite dimension)

P; and;P are their own reciprocals.

@31) Pj=Pj* Pi*Pj=P*(JPJ)=PP =1
w32) jP=jP? jP*iP=JP*JP =P'P=|
[ 1 .
PP = i i
Orc =2k=0.r (1) binomial(r,k)*binomial(k,c) 1 -3 3 -1
where d; . is the Kronecker delta 1 -4 65 -4 1
x| 1 -5 10 -1 5 -1
1 . [ 1
1 -1 . 1
1 -2 1 ... ..
1 -3 3 -1 . . S 1 .
1 -4 6 -4 1 . S 1
1 -5 10 -0 5 -1 =L - . . o1

This is the same for the rowwise-signed vergian
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1.4. Matrix-logarithm not available

Since there are zero-entries in the diagonaPgfl() and(;P+l) and thus cannot be inverted, a matrix-
logarithm cannot be computed.

1.5. Eigensystem-decomposition

Pj andjP can be decomposed in various eigensystems (beiddsivial scaling of columns). That
there are essentially different eigensystems plessldue to the infinite multiplicity of the twagen-
values(1, -1) The vectorspace for each set of eigenvalues eanthted arbitrarily and can positioned
in numbertheoretical meaningful positions. The di@jmatrix of eigenvalues is simply the matdix
and the eigenmatrices, which | discuss here hanergdy the structure of a Toeplitzmatrix, hadamard
multiplied with the binomialmatri¥ and possibly column-scaled, if that seems appatgri

The most natural eigenmatrix seems to be the Faathicob Bernoulli-matrig, which contains (and
introduced historically) the Bernoulli-numbers atsdsigned varianG,, such that

@51) Pj=G,*J*G,"

152) jJP= Gp*J*Gy*

Example:
[ 1 .
-1 2
1 -3 3
* 1% -1 pj
G *J*Gp =Pj -1 4 -6 4
1 -5 10 -1 & .
x| -1 6 -15 20 -15 &
1 . . . . . 1 [ 1 .
172 12 . . . -1 1 -1 .
6 142 143 . . . 1 1 -2 1 .
o 144 142 14 . -1 1 -3 3 -1
-1/30 o143 142 145 1 1 -4 & -4 1
0 -1/12 0 512 12 UWepdiagl -W) =L 1 -5 w -0 5 -1

For more details seégigensystems of;Rnd;P
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1.6. General (also complex) powers of Pj

From the diagonalization &j general powers d? can be determined by computing general powers of
J, and that means, general powers of its entrieand-1. But non-integer powers et are multivalued
and there is no obvious criterion, which of theloty@mic roots and powers dfand-1 should be used
and be placed into the diagonal.

My currently preferred proposition is, to assige ttth powers of thesth primitive complex unit-root
into ther'th entry of the diagonal, such that

(16.1) D®° = diag r=o.int (€XP (r*s * zi))

is assumed and the genesth power ofPj is:

(162) Pj*=G,D°G,"

Example:

1 :
1/2-1/2*1 I :
pil2 = - 1481421 141 -1 _
J S172 3/2-1/2%1 372437241 -1 :

-1/6+1/ 241 - %] T+3I -2-2%1 1 .
1/2+1/3%1  -5/2-5/6%1 5 -G+5/3K1  5/2-5/2%] 1

The structure oPj?is then a Hadamard-product of

Pi?= (V@) xtC)*P

whereC is a Toeplitzmatrix with a repeated/downshiftedtfcolumn:

Example:
1 :
-142-142%1 1 :
C= 1/E+1/ 25T -142-14 241 1 .
- S1A2RL 0 1AEHLAERD -142-142%] 1
- 1/6+1/ 241 S1A2KD LEHL/2RT 0 -1/2- 14241
1/3- 14251 - 1/6+142%1 3 VL S VS Wi

The extraction of the imaginary factbrmay seem to be overcomplicated; the reason ferishithat
then all entries o€ have exactlyl/2 Tas remaining imaginary part.

But anyway - | don't have a specific descriptiontfe entries o€, which were simpler than that by the
defining matrixmultiplication, other than this wall columns are only repetitions of the first colum
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2. Operations with vectors and matrices

2.1. Rowsums of P;

The rowsums oP; give the first column of (which is identical to the powerseriesvecigd)).

Summing expressed as matrix-multiplication (whiohoiws easily from the formulae of the binomial-
theorem with powerseries with negative argumenfbimomial matrix]):
e11) P;*V(1)=V(0) sincePJ *V(1) =P *V(-1) = V(A1 ) = V(0)
212)  Ze=or (-1 * bi(r,C) = Orico
Il wheredis the Kronecker-symbol

Example:
1
1
: 1
Pj* V(1) =V(0) 1
1
*| 1
1 . 1
1 -1 . 0
1 -2 1 0
1 -3 3 -1 0
1 -4 6 -4 1 . 0
1 -5 1 -0 5 -1 =0

The rowsums ofP are the row-signed rowsums@fand are not discussed here (se@mialmatrix)

2.2. P;right-multiplication with powerseries (binomial theorem)

The right-multiplication by a powerseries meanapply the binomial-theorem.

(22.1) P;*V(s) = V(1-s) /[ for all complex s
(2.2.2) 2 =0.r (-1)° S binomial(r,c) = (1-s)
Generally Examples
1 1 1 1 1 1 1]
5 1 2 3 4 5 &
. 52 1 4 9 18 25 35
Pj * V(s) = V(1-s) 53 1 8 27 64 125 216
54 1 16 &1 258 625 1298
* 575 orl 1 32 243 1024 3125 7776
1 . 1 1 1 1 1 1 1
1 -1 ] 1-5 o o-1 -2 -3 -4 -5
1 -2 1 . [1-35)"2 o1 4 g 16 25
1 -3 3 -1 . (1-50"3 o -1 -8 -2 -64 -125
1 -4 & -4 1 . (1-35)"4 o1 16 81 & 6%
1 -5 0 -1 5 -1f = | ¢l-51"% oL D -1 -32 -243 -1024 -3125]
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The right-multiplication mirrors the applied poweries about the poimg=1/2+0 1 .

(22.3) P, * V(1/2+s) = V(1/2-s) [/ for all complex s
(2.2.4) 2 c=o.r (-1)° binomial(r,c)*(1/2+s} = (1/2-s)
Example
1
142
144
148
1416
* | 1432
1 .. L 1
1 -1 . 1) = 142
1 -2 1 . | 174
1 -3 3 -1 . . 148
1 -4 6 -4 1 . 1418
1 -5 W -10 5 -1 =[ 1432

Powers ofPj, right-multiplied by a powerseries are not yetdssed.

Generally

ortL

ortL

1

1/2+s
(1/2+35)"2
(1/2+5)"3
(1/2+35)"4
(1/2+5)"5)

1

1/2-5
(142-51°2
(1/2-517°3
(1/2-514
(1/2-5)"5]

2.3. right-multiplication with harmonic/zeta-series

The right-multiplication with a zeta-like-series svalso already discussed birfomialmatriy, but shall
be shown here again. If the zeta-series with zedon@gative exponents are concatenated to a camplet
matrix ZV, the resulting matri®; * ZV = D~ is the factorial-scaled transposed matrix of tlidiisg-

numbers of 2'nd kin&t,.
for an integer exponent n
231) 2o (-1)°bi(r,c)*c" = (-1) *ri*St2,,,

for any column c of ZV
232) Py*ZV[,c]=J* F * St2~[,c]

1 1
1 2
1 3
1 4
1 5§

|1 &

1 . 1 1

1 -1 . -1

1 -2 1 .

1 -3 3 -1

1 -4 & -4 1

1 -5 10 -10 5 -1

1

g
27
a4
125
216

-7
12
-G

1
1a
gl

256
G25
12596

-15
ald
-0
24

.
32
243
1024
3125
7776

1
-31
180

-390
360

-120]

The decomposition dD~ shows the transpose 8k, the triangular matrix of Stirlingnumbers of 2'nd

kind.

Identities with binomials,Bernoulli- and other nbentheoretical numbers

Mathematical Miniatures



2 signed Pascalmatrix S.-7-

3. Eigensystems of P; and ;P

3.1. Example eigenvector

For Pj andjP an eigensystem can be determined. Moreover - &g possibility of arbitrary scaling
of the matrix of eigenvectors (matrix of eigenspadiere are also infinitely many non-triviallyfigir-
ent eigensystems definable. This is a special ptppeénich | didn't encounter in even similar magsc
and is owed to the special structure of the entié¢3 (see more in "Details").

A first solution to determine an eigenvector isder to the transform-invariant vecté¢1/2). Above it
was stated that:

" a reflection (occurs) dl/2 (or as point-symmetric mirroring about the compbeints=1/2 + 0*1) ",
thusV(1/2) is an invariant vector und&-binomial-transformation and thus an eigenvectsoesited
to the eigenvalué:

1.2
174
@11)  Py*V(1/2) = V(1/2)*1 s
1418
1732

*

1s2
1 -1 L 174
i -1 . . 1/8
& -4 1 . 1/1a
0 = 1/32

N S Y
[ T T T
L R

—
[}
o
—
1

3.2. Formal computation of the eigensystem

From the definition of an eigensystem, it is regdirthat with the (scalar) eigenvalue

(Pj-2*)*X =0

or with the complete matrices of eigenvectérand of eigenvaluek
Pj*X=X*J

or
Pj  =X*J*X'

All versions of eigenmatrices have a similar stuetas a Hadamard-product of a Toeplitzmafii)
with P itself, possibly column-scaled to have also usablerses, wherd is a vector of specific ent-
ries - but which ar@ot generally a powerseries (of a scalar paran@tas widely common in these
articles.

Xa= P X T (A)
Xa=(P X T(A)*D /lwhere the diagonal D performs aspile column-scaling.

The following eigenmatrices occured as most intergsones.
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3.3. Eigenmatrices Gp and Gm

1
-1 2
. . 1 -3 3 .
(3311 Gp*J* Gp' = Pj q a0 & a -
1 -5 10 -0 5
* -1 6 -15 20 -15 &
1 } . . ) . 1 1 }
12 1.2 . . ) : -1 1 -1 .
1/6  1/2 143 . ) . 1 1 -2 1 .
o 14 142 1/4 : . -1 1 -3 3 -1 )
-1/430 0 14%  1/2 145 . 1 1 4 &8 -4 1 .
0 -1/12 0 5412 172 VeRdiag(L -l) = 1 -5 1 -0 5 -1
where , with bernoulli-numbefg andf3; = +1/2:
Gylr,c] = B * binomial(r,c) / (c+1)
1 }
1 2 |
; 1 5 3
(33.1.2 Gm*\]*Gmlsz 1 4 5 4 ]
1 5 10 10 5 .
* 1 & 15 20 15 &
1 . } . ) . 1 1 }
-1 142 ) . ) ; -1 -1 -1 .
18 -1/2 13 . ) . 1 1 2 1 )
0 14 -1/2 174 : . -1 -1 -3 -3 -1 .
-1/30 o 143 -1/2 145 . 1 1 4 & 4 1 .
0 -1412 0 5412 -1/2 Vepdiag( L -1) = -1 -5 -0 -1 -5 -1

where the entries of the first column are berneuliinberd3, and (with the now general convention,

3 =-1/2
Gur,c] = B¢ * binomial(r,c) / (c+1)

Defining 3, = +1/2 , then simply
Gn=JG,J

See a more extensive discussion of this matrix ernBulli-matrix andGeneralized Bernoulli-
Recursion

Related to this, also the bernoulli-polynomials,iekhare only column-scalings @, can be used as
eigenmatrix, where the settiffig=-1/2 leads to the composite matjix

Example:
1 .
1r2 1 .
173 1 1 .
(3313 BY*J*BY'=,P P R
1/5 1 2 2 1 .
x| 1/ 1 542 1043 5420 1
1 . . . R 1 1 .
-142 1 . . Y -1 -1 -1 .
1/6 -1 1 . . 1 1 2 1 .
] 152 -3s2 1 . -1 -1 -3 -3 -1 .
-1/730 1] 1 -2 1 . 1 1 4 & 4 1 .
o -1/6 0 5/3 -542 l*diag( -1) = -1 -5 -10 =10 -5 -1

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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3.4. Eigenmatrix VE

Based on the eigenvectd(l/2) another eigenmatrix can be defined, which hasiasi structure:

1 .
3411 VE:=VE, = (1/2)" * binomial(r,c) 142 1.
if r>=c, else:=0 144 1 .
148 3 o320 10
1416 142 52 20 1.
1432 5416 544 542 502 1
The inverse oVE is
(34.12) VE' . = (-1/2)"° * binomial(r,c) if r>=c, else :=0
1 .
-142 1 .
1_ 4 N 144 -1 1 .
(3413 VE =J*VE*J 18 344 -32 0 1 .
1416 =142 32 -2 1 .
-1432 5416 -5/ 542 -5 1
Pj can then be seen as composed from
1 .
-1 1 .
. 144 -1 1
(3414) VE*J*VE'=Pj -1/8 34 -3 1 .
1416 -1/2 32 -2 1.
x| -1/32 5416 -5/ 5/2 -5/2 1
1 . . . o 1 1 .
142 1. . L. -1 1 -1
144 1 1 . L 1 1 -2 1 .
145 34 32 1 -1 1 -3 5 -1 .
1416 1/2 842 20 1 . 1 1 -4 & -4 1
1432 5/16 5S4 5/2 522 1 diag( L -1) = 1 -5 10 -10 £ -1
Since
VE =JVE J
and
P,=VE*J*(JVEJ)
we have the surprising result that also
(3415 VE*J*(JVEJ)=VE*VEJ=VE]I=P,
3416) VE2E=P
1 .
142 1.
144 1 1 .
2
VE =P 18 34 32 1
1416 142 842 2 1 .
x| 1/92 5416 544 52 521
1 . 1 .
142 1. 1 1.
144 1 1 . 1 1
145 3 32 1 1 3 3 1
1416 1/2 842 20 1 . 1 4 &5 4 1
1432 5/16 G4 542 542 1] = 1 5 10 10 5 1

Identities with binomials,Bernoulli- and other nbentheoretical numbers

Mathematical Miniatures



2 signed Pascalmatrix S. -10-

This illustrates the identity:

00 k 00 k
r ZZ%%r = ,1_0 r wheré 2| =0if a<b
C) 2 27" k)¢ 273 c b

k
rr 13 d!
= —dz whered =1 - ¢
cld! 2° & (d —k)'k!
ry, 1&(d
(3.4.1.7) = e
c 2“% kj
= r *i* 2d
c) 2°
(T
Cc
3.5. Eigenmatrix ZE
Based on the eigenvector, which is the harmonieser
(35.1.1) ZE:= ZE . = 1/(r-c+1) * binomial(r,c) if r>=c, else:®
1 .
/2 1 .
(3512 Pj*ZE=ZE*J a1
145 1 2 2 1 .
146 1 5/2 1043 5/2 1
The reciprocal oZE is
1 :
-1/2 1 :
w6 -1 .
(@513 ZE'= o 1z -3 1 .
-1/30 i 1 -2 1 .
0 -1/6 0 5/3 -5/2 1
where
with [} = +1/2
(35.1.4) ZElrC Bc+1 * binomial(r,c) if r>=c, else :=0,

and the row of ZE™ just defines the coefficients of a variant of tegnoulli-polynomiaB; (x).

P; can now be seen as composed from

1 .
-142 1 "L
6 -1 1.
1
6515 ZE*J*ZE =P, o 12 -3 1 .
-1/30 0 1 -2 1.
* 0 -1/6 0 5/3 -5/2 1

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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1 . . . N 1 1 .
/2 1 . . I -1 1 -1
173 1 1 . N 1 1 -2 1 .
174 1 3r2 1 . -1 1 -3 i -1 .
/5 1 2 2 1 . 1 1 -4 g6 -4 1
/a1 1 -5 0 -10 5 -1

5/2 1043 5/2 1 diag( L -1)) =

and this describes the identity

B (rYky .
; o TRk ifrxk>c
(35.1.6) (C) =(-1)°>t, where t, = ' ¢
k=0

0 else

and (¢ are the bernoulli-numbers using 8 +1/2

3.6. General powers

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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4. Details/Proofs

4.1. Reciprocal ("inverse" for finite dimension)

Pr oof:
First note, that

(4.11) Pt =Pt
=J*pt

From(eq.011.2.2) P'=J*pP*]
anditisalso J=J"

Then
Pt =% @Q*P*J)

=(I*9*(P*J)
=P *J

(4.1.2) Pt =P

Analoguously:

(4.13) P =P
= pt*J?
=J*p*J*J*
=J*P

(4.1.4) Pt =P

End of proof

4.2. Eigenmatrices

4.2.1. A basicidentity based on the Bernoulli-recursion
The known recursive Bernoulli-identity
(1- R =&,

expanded to a system of equations for all Bernowithbers expressed a matrix-identity, whBieis
the vector of Bernoulli-numbe® =[R,?,R,...] = [1, 1/2, 1/6, 0, -1/30,...]

There is also the second identity

-+ R =0

where nowB’ is the vector of Bernoulli-numbeBs=[13,,3,%,...] = [1, -1/2, 1/6, 0, -1/30,...]

b0

b1

b2

(4.2.1.1) h3

b

S

1 b0

1 -1 . b1

1 -2 1 b2

1 -3 3 -1 b3

1 -4 6 -4 1 . b

1 -5 10 -10 5 -1] =| bS

The sets of Bernoulli-numbers differ onlyfat and all other odd-indexed Bernoulli-numbers amz
We may write in vector-notation:

B"'=J*B

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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Now assume Toeplitz-matrices based on these béisweators, T(B") andT(B), then
TB)= J*T(B)*J

and their difference is a matrix with units in fivst subdiagonal:
T(B)-T(B) =™

jP*Bm=Bm*J
P*Bm=JBmJ=Bp
P*Bm =Bp

(P-I) Bm = Ix

Bm = (P-Iy* * Ix

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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