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03 Stirling-matrices St; and St,

Abstract: The Stirling-matrices occur as other initimate and basic relatives of the ZV-
(Vandermonde) matrix. Variants transform powerseries to exponentialseries and
conversely. Using finite sizes they or their scaled variants give rational approximations to
logarithms and exponentials. The most striking property for me is, that they are
eigenmatrices of the Bernoullian-matrix G, which sums geometric series to zeta-type series
of any like powers to any finite number of terms.

Most of the formulae here are heuristic findings (although in the meantime I found most of
the formulas in textbooks and online-references). The focus in my recent study was
primarily at the binomial- and the Gp-matrix; but I expect to understand more details of
these matrices when analyzing the Stirling-matrices intensely.
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5 Stirlingmatrices S. -2-

1. Definitions/ Identities

1.1. Introduction

The following matrices are defined here:

A.1.1.) St;: lower triangular matrix of Stirling-numbers 1'st kind

The definition for Stirling-numbers of first kind is the expansion of 1
coefficients of x after expansion of the product ; ; ]
1 Jor row r=0 -6 11 -6 1 _
(x-1)(x-2)(x-3)...(x-1) fora row r>0 4 -500 3 o-1m 1
120 ¥4 -22% 0 85 -13 1
example:
(x-1)(x-2) = 2- 3*x+1%*x // coefficients of row 2
(-D(x-2)(x-3) = -6 +11*x-6*x"+ I*’ // coefficients of row 3
see [MW-St1],[AS-ST]

A.1.2.) St,: lower triangular matrix of Stirling-numbers 2'nd kind

1 .

1 1 .

1 3 1

1 7 f 1 .

1 1% 25 10 1 .
1T 31 o0 &% 15 1

see [MW-St1],[AS-ST]

An explicit expanding of the recurrence-relation give the following identities, which reflect the columns
of St,: (note, that the indexing of rows (n) and columns is 1-based here):

n B %(211—1 _ 1:1—1)
2( 0!
n %(311—1 _211—1) _ %(31’1—1 _ 111—1)
3 1!
{?1} %(411—1 _ 3n—1) _ %(41}—1 _ 271—1) + %(47:—1 _ 11’1—1)

2!

?1} %(571—1 _ 4n—1) _ %(511—1 _ 3n—1) _l_ %(511—1 _ 211—1) _ i(ﬁn—l _ 1n—1)

3!
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5 Stirlingmatrices S. -3-

Shifted versions

Sometimes these matrices are defined with an additional leading row and column containing zeros
except 7 at /0,0] (see en.wikipedia.org).

1.1.3.) st,V: Sty downshifted one row/column

This definition can be seen as extension of St; by the (x-0)-factor: é .
1 for row r=0 o -1 1 )
(x-0)(x-1)(x-2)(x-3)...(x-(r-1)) for row r>0 1] 2 -3 1 :
o - 11 -a 1 .
o 24 -5 3% -10 1

see [WIKI-St1],[AS-ST]

1.1.4.) St,"V: St,, downshifted one row/column

1

0 1 .

0 1 1 .

0 1 3 1

0 1 7 & 1

0 1 15 25 10 1
see [WIKI-St2],[AS-ST]
factorial scaled versions fSt;, fSt,F, SGF, fSt;FF
Of special interest ar also the factorial row- and row/column-scaled versions.

. | -
; -1 1 .
A.LS5.) fSt:=F"* St 1 32 142 :
-1 1176 -1 1/a

1 -25712 35724 -5/412 1724
-1 137/0 -15/8 17724 -158 17120

1 .
; -1 1 :
1.1.6.) fSt,F:=F' *8t, *F 1 -3z D L
-1 1146 -2 1

1 -258/12 35412 -542 1
-1 137/0 -13/4 1744 -3 1)

They perform the summing to logarithms, if the columns are used as coefficients of a powerseries. (see
paragraphs below)

1
11 .
(1.1.7.) ngF.':Stg*F 1 3 2 o
1 7 12 6 .
1 15 50 60 24 .
1 31 180 390 360 120)
1 | ;
1 1 .
1.1.8.) fStF:=F' *St, *F 142 882 1 :
146 746 I
/24 5/ 25712 5/2 1
1/120 317120 372 1344 3 1

They perform the summing to exponentials (inverse of the summing of fS#F ), if the columns are used
as coefficients of a powerseries. (see paragraphs below)

Identities with binomials, Bernoulli- and other numbertheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -4-

1.2. Definition in terms of their reciprocity

The matrices St; and St, (as well as the shifted versions) are also defined by their mutual reciprocity
(either St, as reciprocal of St; or opposite):

(1.2.1.) St = St
ZSL‘][V, k]*St2[k,c]=9,, where Ois the Kronecker-delta
=0
S -
-1 1
2 -3 1 )
Sty *St; =1 6 11 -6 1

24 -a0 35 -10 1
* -120 274 -22% 8% -1% 1]

1 . 1 .

1 1 1

1 3 1 1

1 7 & 1 . ] . ] 1 .

1 15 25 10 1 . ] ] . . 1 .
1 31 20 6% 1% 1] = ] ] . . 1

1.3. St,” occurs also as matrix of coefficients of the derivatives of e*™

If one computes the coefficients of the derivatives of exp(e”)

f= 9 =ep(e)

and z:=¢
Then
1.3.1.) f =1 1) .

S =f*0 1z o1 .

r =f¥0 1z 17) o1 1

o= f¥0 1z 37 17) o1 3 1

o= fx0 1z 77 67 17 o1 706 1

efc 0 1 15 25 m 1

which means in matrix-notation

1.3.2) LESY @) =1 0 0 S S~
fx8t, xevEe)= [ S~

or

1.3.3.) S EyE)=[f £ 1S~ f

Identities with binomials, Bernoulli- and other numbertheoretical numbers Mathematical Miniatures
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1.4. Recursive definitions

Recursive definitions include:
St1[r0]=(-1) *r!
A4.1) Stl[r+1,c]=(—1)"*abs((r+1)*Stl[r,c])+abs(Sti[r—1,c—1])

St2[r0] =1

4.2,
14.2) St2[r+1c]=(c+1)*St2[r,c]+St2[r—1,c—1]

(additional remarks: see "details/derivations")

Identities with binomials, Bernoulli- and other numbertheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -6-

2. Simple relations to other vectors and matrices

2.1. Shifted versions by binomial-transformation

A binomial-transformation performs the shifting of Sz, to S,V resp St; to St;"V and more generally a
shifted binomial-transform P* performs the shifting of St,* to S£,**” resp St,* to §t,**" .

Shifting of St,:

1 .
1 1 .
Is g — g () 1ok g gy (1) bg
(2.1.1) P~ * St = Sty P8t = St; 1 7 &6 1
1 15 25 1w 1
*( 1 31 90 65 1% 1
1 . 1 .
-1 1 ] n-1 J
1 -2 1 . g 1 1 .
-1 3 -3 1 . o1 3 1
1 -4 6 -4 1 . o1 7 a8 1
-1 5 -0 1w -5 1 =L 0 1 1% 2% 10 1
From the composition of P it also follows that shifting in terms of Bernoulli-numbers:
(2.1.2) G, *St; *“Z(-1)= St,”
since
P! = J*P *J
=G, * J *G, *J
=G, * G,
=G, *St; *7(1)" 81,
and
P'ESt, = G, *St; *Z(1)" St * St,
=G, *St; *Z(-1)
St =G * St * (1)
Example:
1 . 1
1 1 . . 2
1 3 1 | 3
G, *St; *‘Z(-1)= 5t," 1 7 67 4
1 15 25 1w 1 . 5
#1031 90 65 15 llsgiged 8))
1 .
1 .
142 12 . 0-1 .
16 -1/2 143 . O ULl N
o 14 -1/2 0 14 . I O
-1/30 o143 -142 L5 o1 7 & 1
o -112 0 812 -T2 Ve _| g 1 15 25 10 1

Identities with binomials, Bernoulli- and other numbertheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -7-

Shifting of St,;:

1 .
1 1 .
1 2 1 .
(2.13) St; * P = St,"V St; * P =S, 1 3 301
1 4 & 4 1
1 5 10 10 5
1 . 1 .
-1 1 . 0 1
2 -3 1 ) o -1 1 .
-6 11 -6 1 . 0 2 -3 1 .
24 -850 35 -10 1 . 0 -G 11 -8 1
=120 274 -225 g5 -15 1| =L 0 24 -50 35 -10

Again from the composition of P it also follows that shifting in terms of Bernoulli-numbers:

(2.1.4) G, *St; * dZ('I): StV
since
P = P*J *J
= G. * J *G'I * J
— 0 * i PR *
= G, J *G, J
-1
= G * Gy
al -1 -l
=St *“Z(1) St;”" * G,
and
St;*P =St;* St *7(1) St,;” * G,
= dZ(]) Stl * Gm-l
Stl(j) = dZ(]) Stl * Gm-l
Example:
1 .
1 2 :
1 3 3 .
‘2(1) s, * G, =51 1 4 & 4
1 5 0o 10 5 .
x| 1 ] 15 20 15 &
1 1 . 1 .
142 -1 1 . 0 1 |
143 2 -3 1 . . B o -1 1 .
1/4 -G 11 -G 1 L. 0 2 -3 1 .
1/5 24 -50 i -10 1 0o -6 11 -6 1 .
diag 1.-"6) -1 24 -5 8% -1% 1) =) O 24 -GS0 35 -10 1

Identities with binomials, Bernoulli- and other numbertheoretical numbers Mathematical Miniatures



5 Stirlingmatrices

The shifting in the limit

A consequence of this is, that repeated application of (analoguously shifted) binomial-matrices

approximate to the identity matrix:
(2.15) Sty ¥pxplxp@x =7

and that means, that the iterated product of shifted binomialmatrices approximate Sz2.

Ijlc:()..oo P(k) = St2

(2.1.6,)

* The definition of the shifted Pascal-matrix

P™ is the n-positions dowsnshifted version of P

P™[r,c] = binomial(r-n,c-n) if r-n>=0
=0, if r-n<0
where 0, is the Konecker-symbol
Examples:
pY p- pY pro-t
1 1 . 1 1 .
n 1 . o1 2 1 . -2 01
o1 1 . o -1 1 I 31 io-3 1 .
n1 2 1 o1 -2 1 4 6 4 1 -4 5 -4 1
* The use of the shifted Pascal-matrix to compute St;
Example:
pxp@ pxpsp pxp)xp)xp3) pxpxp ..=5t
1 . 1 . 1 . 1 .
1 1 . 1 1 . 1 1 ] 1 1 .
1 3 1 . 1 3 1 . 1 3 1 . 1 3 1 |
1 7 3 1 1 7 & 1 . 1 7 & 1 . 1 7 & 1 .
1 15 17 7 1 1 15 25 9 1 . 1T 15 25 100 1 . 1 15 25 10 1
1 31 49 31 9 1 1 31 890 52 12 1 1 31 920 6% 14 1 1 31 920 6% 15 1

* The use of the reciprocal of the shifted Pascal-matrix to compute St;:

Conversely, the infinite leftmultiplication-product of shifted inverses of binomialmatrices approximate
Sty.

]]/":oa,() P(k)-I = Stl

(2.1.7)
Example
L xplapl xprl_ gy p-lipll-l spl Pl spl
1 . . . . 1 . . . B 1
-1 1 . -1 1 . -1 1
2 -3 1 ; 2 -3 1 £ 2 -3 1
-6 11 -G 1 . -6 11 -6 1 -4 g -5 1 .
24 -50 in -10 1 . 15 -39 22 -8 g -2 13 -7 1 .
-l EF4 -22%0 85 -13 1 -4 13% -128 e -12 -la 48 -5 32 -9 01

Identities with binomials, Bernoulli- and other numbertheoretical numbers
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5 Stirlingmatrices S. -9-

2.2. Rowsums of St,; and St,, and rightmultiplication with a powerseries

The rowsums of S7, are known as Bell-numbers:

1

a2.1) St *V(l) =B 1
r 1
> 8t2, . =B, 1
c=0 ’ 1
* 1

1. 1

1 1 . . Ry 2

1 3 1 J N a

1 7 & 1 . 15

1 15 25 10 1 . 52

1 31 90 65 15 1| =| 203

Note: If 87, is used with a rightmultiplication by a powerseries, this introduces the polynomials called
"Bell-polynomials" (see [MW-Bell]).

The rowsums of St; (except or row »=0) are zero, which is obvious since the first column of St, (= St;”)
is just the /-vector, as well as from the definition as product of (x-1)(x-2)... when setting x=1 .

222) S, *V(1)=[1,000,..]
ZSt]r)c =0 / for r>0
c=0

Rightmultiplication by powerseries-vectors produce factorial scaled binomials.

Examples:

various weighted row-sums of St; columns from St, powerseries (or ZV~ )
1 i ol [ 1 [ 1

1 0 2 3 4

1 3 1 4 9 16

1 7 £ g 27 24

1 15 25 16 g1 256

#| 1 31 a0 32| | 243] | 1024]

1 1 i ol [ 11 [ 1]

-1 1 0 1 ] 1 2 3

2 -3 1 . 0 0 1 ] 2 =]

-5 11 -6 1 . 0 0 ] ] 0 &

24 -50 35 -10 1 0 0 ] ] 0 ]

-l20 274 -228 85 -15 1| =L O 0 o L oL oL 1]

Identities with binomials, Bernoulli- and other numbertheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -10-

ZV is a complete set of powerseries whose bases differ by / and gives a complete set of powerseries-
vectors by rightmultiplication:

11 1 1 1 1
1 2 3 4 5 &

1 4 9 16 25 36

(22.3) St *ZV~ =“F * P~ 1 8 27 64 125 216
1 16 &1 25 625 1296

« 1 32 243 1024 3125 7776

1 L 11 1 1 1 1

a 1 . C4+1. 01 2 Bei)_s

2 -3 1 5 & 12 o0

6 1 -6 1 . . - T PO

24 .50 3% -0 1 L .24 1m0

120 274 -225 85 -15 1| =L . . . . 120

Identities with binomials, Bernoulli- and other numbertheoretical numbers Mathematical Miniatures



5 Stirlingmatrices S. -11-

2.3. Columnsums (and leftmultiplication with powerseries) of St, and fSt,F

The columnsums of St, are all divergent, so we see the summing vector as limit of a powerseries in x,
when x->1 :

1 .
1 1 .
1 3 1 .
2.3.1.) Ix*V(1/x)~ *St; = S(1/x)~ 1 7 &8 1
115 25 10 1 .
«[ 1 31 890 65 15 1
[ 1x 1/x°2 1/x°3 14 108 lxog] =[50 s1 s2 53 s4 g

This can be summed (or is convergent in the leading columns) for 1/x<1, since the progression in each
column is of the order of a geometric series with quotient ¢, which increases with the column-number c,
x must then at least equal ¢, or must be negative to allow Euler,-summation of an appropriate order.

The following formula for //x</ seems to be valid for any entry s. of $~ in column c:

(23.2)
00 St2rc c+l 1 ]
Z r+) = =SC _)
r=0 X k=1 X—k X

//where x#+ 1,2,3,...c
_ 1 " 1 " 1
x—1 x-2 x—(c+1)
or

00 c+l X
ZSZ‘ZM xo= H =s.(x) /fwhere 1/x+1,2,3,...c
r=0 k=1 ]_kx

(see also [AS-ST])

Note, that in (2.3.2) the productterms in the denominators are just the rowsums of St; * V(x):

t.(x)=(St,*V(x)),

(2.3.3) 1 1
S(=)=——
tc+1 (x)
Example: x=-2, S=/[-2/3, 22/(3%5), -2°/(3%¥5%7), 2*/(3*5%7%9)..]
=[-2/3, 4/15, -8/105,  16/945,....]

Note: if x equals a positive integer /<=x<=c, we have division by zero, and the value is not defined.

Identities with binomials, Bernoulli- and other numbertheoretical numbers Mathematical Miniatures
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S.-12-

2.4. fSt.F : column-sums

When the columns of the factorial scaled version of St,, fSt.F are summed (leftmultiplied by the

summing-vector V(1)~), this equals:

(2.4.1) V(1)~ * fSt,F =e dV(e -1)~
) 00 C'./
lim Z S2. . — =e* (e - ])c // for a fixed column ¢
r—>00 —0 ’ r/
Example:
1 .
1 1 .
1/2 372 1
V(I)~ *fSt,F = e V(e- 1)~ 1/6 26 3
1/24 278 23012
* 1120 31/120 342

limr>ooL 1 1 1 1 1 1 [e J*x[ el0 el*1 el"2

1 .
hr2 1 .
1374 3 1

el™3 el™d el"5]Y

%
) el is written for e-1 = exp(1)-1

The obvious generalization of V(1) in (2.4.1) into a powerseries V(x) gives the transformation of a

powerseries in x into a powerseries in ¢'-/ (although with a cofactor of ¢* ):

(24.2) Vix)~ * fSt,F =& * V(e - 1)~
00 c!
lim x' *SZrc_/ =e" *(ex —1)6 //for a fixed column c
r—>00 :() ’ ’/‘

(for a further smooting of the result see second next paragraph)

Example:
1 .
1 1
1/2 3f
V(x)~ *fStZF =e'* V(eX-J) 126 76
1724 548
* 1/120 314120

1

2 1
25412 5/2
ife 1344

[1 % x2 x3 x4 x5 =L ew* k[ (eme-170 (e™x-171 (e™-1072 (e™x-1)73]

Identities with binomials, Bernoulli- and other numbertheoretical numbers
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Another variant: column-sums in zf St, FZ

A further variant can be given by introducing the zeta-series as additional cofactors.
Define the further scaled version of St,:
2fSt-FZ = 7(1) * fSt.F *97(-1)

Then
(2.4.3.)
V(x)~ * zfSt,FZ =(e-1) * V(e - 1)~
L&, c+1)! . 1
lim Zx ”‘S2”,u =(e —])C+
r—>00 =0 ’ (]/'+])/
is a plain and smooth transformation of a powerseries in x into one in (¢" - 1).
Example:
1 .
172 1 )
. N N 176 2 1

1/120 1/4  5/4
* | 1/720 317300 344

1 .
2 1 .
13/ 542 1

[ x x*2 x*3 =™ x5 xg] =[ el"l el*2 el*d el*d el"S el'c]

where el means e* - 1

and using the shifted version of St,, and the factorial scaled version jSt/I)F , this is even more simple:

2 1

Example:
1 .
] 1 3
i o f12) L\
Vix) ~ * fISt")F = V(e*- 1) ] 1/6 1 1
o 1724 7712 3
*| 0

/120 174 574 2 1

[1 %1 x2 =3 x4 x5 =[1 el"l el"2 el'i el*d el"f

where el means € - 1

Identities with binomials, Bernoulli- and other numbertheoretical numbers
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Double-sum of St,, focusing the Bell-numbers

Eq. (2.4.2) with the factorial term ¢!/ rearranged to the rhs

V(x)~ * fSt,F
Vix)~ * fSt,F * F'
Vix)~*fSt

=& * Ve - 1)~
=" *Ve-1)~*F'
=" * Ve -1)~*F'

and then again be summed over then columns:

Vix)~ * /St * V(1)

=& * Ve - )~ *F * V()

=& * (1 + (-1)/11+ (&-1)/21 + (&-1)*/31 +....)

=e *expe'-1)

and since the rowsums of f87, are the Bell-numbers scaled by the reciprocal factorial:
fSt, * V(1) =F' *(St, *1(1)) = F' *B

we get the result involving the Bell-numbers:

(2.4.4)

(2.4.5.)

00 00 xr
lim» > 82, .~
c=0 r=0 l"./

00 B
lim Z x" =L
= r!

and i B,

r=0 l"./

r=0 I".’ c=0
x _e* -1 * -1
:evee ee +(x-1)
= ee

Identities with binomials, Bernoulli- and other numbertheoretical numbers

Mathematical Miniatures



5 Stirlingmatrices
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Double-sum of zf St

The double sum over all columns of zfSt; is, after rearranging the (c+1)! -term to the rhs in (2.4.4):

Z i (e 1)
(2.4.6) lim Z xX'*8§2 — = // for a column c
r=>00 {75 “(r+1)! (c+1)!
Summing over all columns:
(2.4.7) lhs-double-sum in (2.4.5)
00 00 00 xr 00
lim xSZ,C =lim) ———>» 82 .
B Z;‘ (r+ 7 )/
(2.4.8) rhs-sum in (2.4.5)
_])c+1 .
Z =exp(e' —1)-1 =e’ -1
(c+1)!
This gives
(2.4.9,) V(x)~ *zfST2 *V(1) =exple-1)-1
lim x'§2 . =
23Sy
00 B N
lim Z x" - = =1
S (r+1)!
and
00 Br e
(2.4.10.) Z;‘ (]/‘ 4 1)/ -

Identities with binomials, Bernoulli- and other numbertheoretical numbers

Mathematical Miniatures



5 Stirlingmatrices S. -16-

An extension using the Bell-numbers is if not only the column-sums are considered, but the whole set
of binomially weighted column-sums, say by right-multiplication by the Pascalmatrix P. Then the first
column gives the same result as before, but we have more columns

Right-multiplication with the Pascalmatrix gives a matrix containing the Bell-numbers.

1
2.4.11,) st”,*P=B 1 1 )
r 1 2 1 .
> 8t2, . =B, 1 3 3 1
=0 ' 1 4 & 4 1
x| 1 5 10 10 5 1
1 1
a1 1 1
oY i L 3 1 .
a1 3 1 . . 5 W &6 1 .
o1 7 6 1 15 37 31 10 1 .
O 1 15 25 10 1| =| 52 151 160 75 15 1

The factorial-scaled version of B
fBF =F'*pB*f
performs summing of powerseries in x to the double-exponential exp(exp(x)-1):

V(x)~ * fBE = exp(exp(x)-1) * V(exp(x)-1) ~

Example:
1 .
pany StY,*P=B 1 1 : :
r 1 322 1 .
ZS;ZM =B, 546 543 2 1 .
=0 ’ 5/8 3724 531712 542 1 .
| 13430 1517120 g/3 15744 3 1
[ 1 % =2 ¥~3 i~4 :|;A5] :[ e"ex'l] *|: 1 exl ex1"2 ex1™3 ex1™ exl"E]

where ex] means exp(x)-1

Identities with binomials, Bernoulli- and other numbertheoretical numbers Mathematical Miniatures
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2.5. Columnsums (and leftmultiplication with powerseries) of St; and fSt,F

If the previous St,-related formulae are extended by postmultiplication by S#; we get the inverse
summation-expressions for the variants of $7;:

Stl
Since
IFV(-1)%St2 = [-1/2, 1/6, -1/24,...] = Fac(-1)*J
it follows from the reciprocal-relation of St2 and St1 that
CIEV(-1)*S12*St] = [-1/2, 1/6, -1/24,... ] *St] = Fac(-1)* J *St1
and
Fac(-1)~*J *Stl =-1V(-1)
and -for instance- using the first column of (J*St,) :
[1/211/311/4],..] * [01,11,21,31,...]
= 24900 KI/(k+2)!
= oo (I/(1%2) + 1/(2%3) + 1/(3%4)...)
=1
which is a known result.
For the next column we have the entries in (J*St,):
S[01%0, 11%(1), 21%(1+1/2), 31%(1+1/2+1/3),...]

Just the harmonic numbers as cofactors of the coefficients in the first column. So the previous sum-
notation can be reused:

= - Doctoo KU(k2)! (1+1/241/3+...1/k)
- (L(IF%0 + 12*3)(1/1) + 1/B*4)(1/1+1/2) + 1/([4*5)(1/1+1/2+1/3) + ...)
S 12- ( LGB*)(1/2) + 1/4*5)(1/2+1/3) + ...)
S22 ( 12%3%4) + 1/(3%4%5) + ...
+ 1/4*5)(1/2) + 1/(5%6)(1/2+1/3) + ...)

=]
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afSuFZ
Define
2fSt,FZ =“Z(1) * fSt,F *“Z(-1)
Then
s x V)~ * 2fStFZ = log(1+x) * V{log(I+x))~
lim ixr *S1. (et1)! =log(1+x)™
r=>00 44 (r+1)!

transforms a powerseries in x into a powerseries of the logarithm of (7+x).

Example:
1 .
-1/2 1 .
. B 143 -1 1 :
x Vix) ~ *zfSt;FZ = log(1+x) V(log(1+x)) 174 11712 -3/2 1 .
145 -5/6 7 -2 1 .
* | -1/ 1374180 -15/8 17/ -572 1
[ x x°2 x°3 x4 x5 xg] =[ 1171 11°2 1173 1174 1175 1176]
where 11 means log(1+x)
Proof:
2s52)  ZfSUFZ = zfSt,FZ !
since
Z)*F xS, ¥ F*iz1) *  z()xF' xSt * F*97(])
= Z()*F'*St, *St; *F *7(])
Z()* F! *[*F*70])
=1
From this and right-multiplication of (2.5.3.) by fSt,FZ
y V)~ * zfSt-FZ = (@-1) * V('-1)~
V V)~ * 2fSLEZ * 2fSt,FZ = (€'-1) * V(e'-1)~ * zfSt,FZ
as4) YV~ =(e-1) *V(e-1)~ *zfSuFZ
Replacing ¢’-1 by x and y by log(1+y) gives (2.5.1).
Again a simpler form occurs with the shifted version of St;:
Example:
1 .
] 1 3
o -1s2 1 1
Vix) ~ * St "F =V(log(1+x)) 0 143 -1 1 _
0 -1/4 11512 -352 1 .
* | 0 1/% -5 7/ -2 1
[1 %™ x*2 =3 =4 x*5] =[ 1 11°1 11"2 11"3 11" 11°5]

where [1 means log(1+x)
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3. Relations to other matrices

3.1. St, and St; as compositions of binomially -weighted sums of zetaseries

Composition of St,

St, occurs in the matrix-multiplication P T's ZV in its factorial scaled version St,F

11 1 1 1 1
12 4 8 16 32

13 9 27 81 243

611 Pl *ZV = StF~ Pl xZV = StF~ 1 4 16 64 256 1024
1 5 25 125 625 3125

«| 1 6 36 216 1296 7776

1 11 1 1 1 1

4 1 D)y~ . .1 3 -7 15 31

1 201 .= L .. 2 12 50 180

103 -3 01 .. ... 6 80 390

1 -4 6 -4 1 . O~ S 1

1 5 - 10 -5 1) =L . . . . . 1m

or, sometimes even given as definition of $7, in the sense of a generation-function (see /4S-ST]):

11 1 1 1 1
12 4 & 16 1

(6.1.2) Str- = F'*P' %7y Str = F'*pP! %7y % 3 12 é: 222 1313
1 5 25 125 @25 3125

«| 1 8 36 216 1208 7776

1 1 1 101 1 1

1 a1 1 DA 1 1 3 G dad) .

1/2 1 201 .= L .01 .8 L T

1/6 13 -3 1. ... 1 1 &s

1/24 1 -4 6 -4 1 . o 1 15

diagl 120+ -1 5 -0 w -5 1] = . ... . 1

Composition of St;

The converse is also true, at least for the case of any finite dimension. (for infinite dimension the
inverse of the Vandermondematrix ZV is not defined)

For any finite size the following is valid:

(3.1.3) V' *=p = fSt~

Example, size = 6

1
11 .
, 12 1
Vo rp = St~ 1 3 3 1 .
1 4 6 4 1 .
1 5 w10 5 1
5 -15 a0 -15 5 -1 1 -1 1 -1 1 -1
8740 11744 -12F/3 33 -27/2 | 137760 .1 -3/2 1146 -25412 137460
20/6 -461/24 31 -307/12 656 | -15/8 .. 12 -1 3524 -15/8
_31/24 137724 -121/12 10712 -95/24  17/24 L L 1E -5/12 17024
/6 -19/24 32 172 243 -1/8 o . . M 18
1100 124 <1412 1412 -1/24 141m) =L . . . 1/120
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3.2. St; and St, form an eigensystem of the bernoullian matrix G,

With the diagonal eigenvaluematrix of reciprocals of natural numbers “Z(1) they form the eigensystem
of the bernoullian-matrix G,. G, is called "bernoulian" since it contains the bernoulli-numbers in its first
column and is also a simple column-scaled version of the matrix BV, which contains the coefficients of
the Bernoulli-polynomials (see chapter Matrix G, and G,, for more detailed discussion of this)

(3.2.1.) St; *7(1) * St; = Gp

1

1 1 .

1 3 1 ;

1 7 = 1 .
1 15 25 10 1
1 31

30 65 15 1) * gjgg

[ 1
142

1/3
1/4
1/5
1#6)

1 :
-1 1 .
2 -3 1 .
-6 11 -6 1.
24 -850 35 -10 1
% -120 274 -225 85 -1 1
1 .
172 1/2 .
/6 172 1/3 :
o 14 12 14
- 1430 o 14 142 s
= 0 -1/12 o 5/12 142 148

3.3. Some useful consequences arising from the eigensystem-decomposition of G,

Since we have an eigensystem with a very simple eigenvalue-diagonal-matrix, multiplication of the
Stirlingmatrices by G, leaves them "nearly invariant" aside of the scaling of rows(St;) and columns
(87,) by the incremented row/columnnumber:

(3.3.1.) “Z(-1) *St, * Gp = St;

1 1 .
2 -1 1
3 2 -3
4 -6 11
3 24 -50
&

diag

and

(3.3.2) G,*St, *“Z(-1) = St,

1 .
1/2 1s2

1/6 172 143

35
%[ -120 274 -225
)

] 174 142
-1/30 o 143

o -1/12

1]

-10
g5

174
1s2
5/12

1

-15 1
1/5
1/2 1/

*
]

o T 'y

[

1s2
1s2
174

a
-1412

-3
11
-50
274

= A sl Lo e

[IT

(el el
= A ] L e -

1/3
1/2
1/3

0

35

-225

25
=lu]

25
a0

10
717

10
a5

174

142 145
5412 142 146
1 .
w1 .
a5 -15 1]
[ 1
2
5
. 4
1 . 5
15 1 digg( &)

- -
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3.4. Summation of G, and BN by leftmultiplication with the factorial-vector

From the definition of bernoulli-numbers the identity of the first column of the result is known; the
others can be computed using derivatives:

1 . 1
142 142 . 2
gary  (F)*G,*Z¢1) ="(F') * e/(e-1) 16 172 143 . 3
"(F')* BN ="(F") * e/(e-1) 0 1744 1/2 174 . 4
-1430 0 143 142 145 . 5
* 0o-1/12 0 812 12 Ve[ gigel E)
limr->ool 1 1 1/2 1/6 1/24 1/120] [ 1 1 1/2 1/ 1724 1/120]  esie-11]

Expressed in terms of BV, the matrix of coefficients of the Bernoulli-polynomials this is

1 .
142 1 .
1/6 1 1 .
(1 r 1
-1/30 ] 1 2 1 .
* o -1/ 0 5/3 572 1

limr->ool 1 1 142 1/6 1/24 1/120] [ 1 1 142 1/ 124 17120) [ edie-10]

Rewriting the factorial scaling as similarity-scaled matrices:

(.4.3) V()~*(fG,ZF) = e/le-1) * V(1) ~
V()~*(fBNF) = e/(e-1) * V(1) ~

Generally:

G.4.4) V)~ *(fG,ZF) = x V(x)~* " /(e"- 1)
V(x)~ & (](BNF) = X V(x)~* ex /(ex_ 1)
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The reciprocal expression can also be written:

1
121 .
145 -1 1 .
G.45) e/(e-1)*"(F')* BN' ="(F") 144 1 =342 1 .
145 -1 2 -2 1 .
#| -1/6 1 -5/2 10/3 -5/2 1

lim,.,, L efte-1] [ 1 1 142 W6 1/24 10120 o[ 1 1 172 W6 1724 1/120]

Generally:
(.46 xVx)~* (fBN'F) = (- 1)/ *V(x)~

and for x=7 the special simple identity involving the factorial scaled B/N-similar matrix fBN F occurs:

1 :
1/2 1 :
1412 1/2 1 :
Gar)  eNeD*V()~*fBNF =V(l)~ o w1z 1z 1 .
-1/720 0112 12 1
* 0 -1/720 0 1412 1/2 1
lim,-,,Lefe-1] [ 1 1 1 1 1 1 =[ 1 1 1 1 1 1]

where the columns in f BN F are simple shifts of the first column.
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4. Details and some discussions

St;: expansion in terms of a powerseries
From the definition we have for a row r:
(x-1)(x-2)(x-3)...(x-1)

This gives the expansion in terms of powers of x:

00 =X - (1424 40X+ (IF24(1+2)%3 + (1+2+3)%4 + ..()*)x'” +-.

(D)L H A1

First note the recursion rule, example

(x-1)(x-2)(x-3)...(x-1)
(x-1)(x-2)(x-3)...(x-r+1)

Scaling with factorials:

131 % (e-1)(x-2)(x-3)..= (/1 - D(x/2 - (/3 - I)..

The factorials can be extracted and the terms reordered for increasing powers of x:

f(x)=(=1)r!(1)

+(—])’_]r/(]+l+i+...i)x
2 3 r

+(~1)"r!

( )i )i )i )i )i )i

1 1 1 ,_,
—r! + +...+ X
2%3F Fyp  [*3F Fy 1*¥2%3% *(r—1)

[
+r!| — |x
r!

and in the parentheses we have the harmonic numbers of the c'th order.

The factorial rowscaling f5¢, = “F" * St, cancels the r! term in each row; so we have:

L9 1y )
r!
gl dy 1
+(-1) (1+2+3+...rjx
+(—1)"2( R S | sz
1*2 I*3 (r=2)*r (r—1)*r

i i 1 L
— + +...+ X
2%3% Kp o [x3% kg [%2%3% *(r—])

e
= |x
r!

+ +...+ + +...+ +...+
1*2 I1*3 1*r 2%*3 2%y (r=2)*r

1 jz
+ X
(r=1)*r
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Column-sums.

If we compute the column-sums, that means first, we add the terms of like powers of x of each row, so
the entries with the same column-index.

Second it means, that the rows are taken as the powerseries in /, so x is replced by 7 in the formula; and
to describe the column-sum now as the limit of a powerseries instead (in y, for instance, for y->1) we
introduce a power of y for each row now.

For the first column, ¢=0, this means to add the alternating series
sov)=1-1y+ 1y’ - 1y...

with the powers of y, which gives
so(y) = 1/(1+y)

and has the obvious convergent, oscillating divergent and divergent cases according to the rules for the
geometric series.

For the sum s,(y) of column ¢=/ we add alternating the subsequent harmonic numbers; that means
formally:

1 1 1 1 1 1
s(y)=)y—|1+= " +| I+=+= |y | I+=+=+= ' —..+..
)=y ( 2jy ( 5 3)y ( F 4)y

2

= 1(/V—y2 +y3 —y4-.-)—é(yz +y3 —y4...)+§(y3 —y4...)—...+...

y 1y 1y
I+y 21+y 31+y
2 3
-y iy
I+y\1 2 3

_log(i+y)
I+y

which also has its known convergent and divergent cases.
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1 .
-1 1 .
1 -3/2 1/2 !
-1 1146 1 1/6
1
1

-23f12 35424 -5412 1524
137/80  -1548 17724 -178 17120

The column c=2 |: -

2
2 3 4
L5 e
1

3 4
—E(y?—y?+—...j(]—y+y - )

4 5
+§[y7—y?+—](1—y+y - )

3
+2 li j’_|_ li 4+ £i+ii 5+ 114_11 +
]2y 13y 14 23y 15 24y

1 2(1 1 11]3(1 1 1 11 11 11j4
- =ttt =tttV +—..
2 3 23 2 3 4 23 24 34
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5. Citations

[Adamchik] http://www.cs.cmu.edu/~adamchik/articles/stirling.pdf , Pg 8

Let us begin with the simple example
® I

>[5l 7

k=1

Using the integral representation (15) and changing the order of summation and
integration, we get

ok 1 L2t — 6Liy(1)
Z{z]m:‘fo sta—y @G

k=1

From this identity one would expect the pattern to remain unchanged and so that:

In my matrix-notation it means:

VI~ *Z(1)~*J *fSt; = [ (1), $(2), §03),...]

i _
I extensively studied in [7]. It was shown there, for example, that !
| |
| |
i [=5) ke zk P —1 k-1 i 1
i S mp+ )+ 2 T -l —2)  (22) |
i ¥ AR = K ;
| |

Vi)~ *Z(1)~ * T * fSt; = [ {)+10,2), {(2)+1(1,2), {(3)+2,2),...]
where f{c,z) denotes the rhs-sum in (22)
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