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Summing of like powers

Abstract: The problem of summing of like (posiiivieger) powers is com-
pletely solved by H. Faulhaber's and J. Bernougiidynomials.

Here | present a way, using elementary matrix-atgethow to find such
sums in terms of values of the eta- and zeta-fomcit non-positive argu-
ments. The occuring matrices solve the summinglg@moland it is immedi-
ately obvious, that the numbers, named after Jn&dti, are simply the
negative zeta-values, scaled by binomials, as tueyr in these matrices.

One may call the related polynomials "zeta"- od"epolynomials.

Also a seemingly less known property of the zetaddli-numbers is imme-
diately derivable by this method: to also sum likevers of negative expo-
nents. I'll add this extension in next version.

Gottfried Helms (for readability updated 8.10.206®m Vers. 10.
Jun. 07)
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1. The summing problem

1.1. Intro

The problem of summing like powers, for instanaedieponent m
Sn(n) =1"+ 2"+ 3"+ .. A"

is completely solved with the introduction of Beatienumbers B, arranged in the appro-
priate Bernoulli-polynomials of degres+1, with them+1'th degree symbolically written
as

Bria(N) = Bnez+ @y Bon + 8 By + ... + Bon™™
where theg, are binomial-coefficients.
In this article I'll show a way how to arrive atchua formula on another very simple path.

There is also one special interesting aspect ireblv am currently not aware, how Jacob
Bernoulli (and Hans Faulhaber) exactly arrivechairtresults (but see Eshndifersnote in
chap 8.1), but their way to find the coefficientghich perform summing of finite many
like powers seems to have been -at least initidfig-heuristic in the empirical results for
sums with small exponents and was disconnected finendea of infinite sum-values like
the zeta-/eta-functions, and sometimes one canatea@cterizations likeekotic and mys-
tic creatures in the scene of numberss if they were independent of that.

The zeta-connection has then be proven differemtdilater, for instance by Euler (see
chap 9 "references) , by H. Hasse (d¢aslsé) to mention only two.

My proposal seems to be opposite to this (althosgmehow familiar to the Euler-
approach): very naturally the eta/zeta-values atpusitive exponents are introduced as
the engine of the summation-process (and one nrayufate: only since they cofactor bi-
nomials, the resulting coefficients occured to Beithh and Faulhaber as a set of individual
and characteristic numbers). Bernoulli-numbersiriyyapproach, are thessentially“the
appropriate scalings" of integer zeta-values byoimials bi(r,1), occuring in the second
column of the ZETA-matrix. Different generalizat®for continuous versions of the Ber-
noulli-numbers and ~polynomials were proposed {seastancesluschny [Woor]), but
the most natural in terms of their property toaleumming like powers is the one, which
generalizes them as expressions of the continuetasvalues.

[Luschny (2004) made a statement very similar to mine, ianel made very explicite, that the ber-
noulli-numbers should be seen as scaled zeta-valbesthe arguing is startirfgom the bernoulli-
numbers (and polynomialgroceeding to zeta-values - somehow as the most logical andesenv
ient (re-)definition, which allows then generalipat Here my approach adds some inherent argu-
ment: using the zeta-values as the base of all soiasiderations see footnote (3) next page

As a result, this article proposes also "zeta{@ignomials”, where the zeta-polynomials
can be seen as integrals of the bernoulli-polyntsmia

! from: Karl Dilcher, Bernoulli-bibliographyhttp://www.mscs.dal.ca/~dilcher/bernoulli.html

Bernoulli Numbers

The Bernoulli numbers are among the most interegtimdjimportant number sequences in mathematics, The
first appeared in the posthumous wtks Conjectandi’(1713) by Jakob Bernoulli (1654-1705) in connection
with sums of powers of consecutive integers (sead@dli (1713) or D.E. Smith (1959)). Bernoulli nunmbe
are particularly important in number theory, espltgiin connection with Fermat's last theorem (se,,
Ribenboim (1979)). They also appear in the calcofunite differences (Norlund (1924)), in combinats
(Comtet (1970, 1974)), and in other fields.

Definitions and main properties of Bernoulli numbeen be found in a great number of articles anck&oo
listed in this bibliography. Good introductions ajigen, e.g., in Ireland and Rosen (1982, 1990), Radber
(1973), and Nérlund (1924). A handy collection ofrfiulas is in Abramowitz and Stegun (1964). Sonaol
books are entirely devoted to Bernoulli numbers; mgnthem are Chistyakov (1895), Nielsen (1923), and
Saalschiitz (1893). One should, however, be awapestible differences in notation and indexing eesgly

in older publications.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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The article follows this way of arguing:

First | recall the binomial-theorem, apply it t&/andermonde-vector ir using the pascal-
matrix. This converts then the problem of sumsida-powers into one of a powerseries-
function of a matrix. For the powerseries the stuirformula for geometric series can then
be used (which is possible only for th& A-matrix) and serves here as first example.

This approach also proves implicitely, that theueal of theetafunction at non-positive
exponents are rational, since they result from &iragversion of finite triangular integer-
matrices, and hence of the zeta-function-valuesaaie exponents - which is another nice
feature of this derivation.

For theZETA-matrix the shortcut-formula for geometric-seriesgot be used, but again
from the construction of the argment it occurst tha entries of thETA-matrix are zeta-
values cofactored with binomials. Also the limibptem, where (1) is involved, is spe-
cifically considered.

Because everything is based on #eta/etafunction, things should be generalizable to
positive or fractional exponents, since zeta-/etlai@s are defined for each complex pa-
rameter (except(1) ) while the notion of Bernoulli-numbers limits itéto the case of non-
positive integer exponents.

Another extensions will be made in the next versibthis article: completely analoguosly
the ZETA/ETA-matrices can be used to sum negative like powkec®msecutive natural
numbers. The idea of this is -however sketchy-aalyedescribed inbinomialmatriy.

A remark concerning references: after putting sofrtbe ideas, which this article is cover-
ing, into appropriate keywords, | find a vast amoofnarticles related to those or even dis-
cussing them already. Some of them with similarcepts as in my proposabcus same
topics from a different view; for instance my eigeator-approach, which led to the Faul-
haber/Bernoulli-matrixG, was paralleled in terms oinivariant sequences under binomial
transformt (see referencesSlinZhiHong more examples see footn®teThe special value

of this text may then be to provide a concise astteoent scenery for these ideas and gen-
eralizations. I'll add related items to the bibtaghy as I'll come across them. (footnote 3

1 Some are from the recent time-period 2004-200&naiso | developed this concept from heuristiashieck-
ing systematic matrix-relations not being awareswdéh articles. | began in 2004 with the first detiabout
the Pascal- and (Bernoulli-like),Gmatrix for powersumsHernoulli_edq

2 see for instance in chap 7 "references": Faulhsi@éreorem for Arithmetic Progressions, Chen, Wiitlia
Explicit inverse of the Pascal matrix plus one: ¥a8heng-liang & Liu, Zhong-kui
(Zeta-relation) "Ein Summierungsverfahren fiir dierRannsche Zeta-Reihe", Hasse, Helmut

% in [Luschny we find: "Die Definitionen sowohl der Bernoulli Funktion B(gje der Euler Funktion E(s)
basieren auf einer einzigen Funktion, der Hurwitrafienktion. (...)
(...) Die Definition der Bernoulli Funktion i€8 (s)=-2(2p) °*cos(sp/2)s! z(s)
Bei unserer Einfuhrung der Bernoulli und Euler Zatlhaben wir uns vollstédndig auf die Zetafunktion ge
stutzt und keinerlei motivierende Bemerkungen dgemacht. Dieser top-down-approach hat uns zwar
schnell die allgemeinen Zusammenhange aufgezéigt,che Frage nach der Adaquatheit ist dabei offen
blieben:Ist der Zusammenhang zwischen den Bernoulli Zalsiemvi{e wir sie definiert haben) und der Zeta-
funktion naturlich?
Deshalb drehen wir jetzt die Blickrichtung um undrdehten,wie wir von den Bernoulli Zahlen (in unserem
Sinn) ausgehend zur Zetafunktion bzw. Bernoulli-Eanlkgelangen kdnneMatséchlich gibt es dafir einen
Kdnigsweg, den Satz von Hasse, der unser Vorgeheerelar und anschaulich rechtfertigt.
Ausgangspunkt fur den Satz von Hasse ist die égflarstellung der Bernoulli-Zahlen von Worpitzk/1,
Formel 36]) (...)
The motivation of this (re-) definition seems héne convenience, so he asksit'is the relation between
Bernoulli-numbers(as we defined them here) and #ta-#inction also natural?Then he discusses, how
"we (can) proceed from the Bernoulli-numbers (in eemse) to Zeta- and Bernoulli-functiéns

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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1.2. The binomial theorem

The binomial theorem is the statement that
@.2.1) (1+x)" =1+ bi(m,1) x + bi(m,2) K+ ..+ bi(m,m-1) L1+ bi(m,m) X'

wherebi(m,k) are the binomial-coefficients, which are differéat each powem. Let's
write this more explicit and for some powers, sayanent) to 4:

@2.2) (1+x)°=bi(0,0) 1
(1+x)' = bi(1,0) 1 + bi(1,1) x
(1+x)? = bi(2,0) 1 + bi(2,1) x + bi(2,2) %
(1+x)* = bi(3,0) 1 + bi(3,1) x + bi(3,2) %+ bi(3,3) ¥
(1+x)* = bi(4,0) 1 + bi(4,1) x + bi(4,2) %+ bi(4,3) ¥ + bi(4,4) ¥

In numbers this is

@23) (1+x)°=1%X
(A+x)'=1xX+1x
(A+x¥=1Xx+2x+1%X
(A+xP=1Xx+3x+3X+1%
A+x)'=1X+4x+6X+4xXx+1xX

where the coefficients of powers:oform the well known Pascal-triangle.

1.3. The power of the Pascal-matrix

Let this be written as a matrix product of the RksgangleP andV (x), the Vandermonde-
(column-) vector of a variable placeholder(valid for any finite matrix-dimension)

VX)=[1,%,6,¢,...]:

@.31) P*V(x)=V(1+x) 2

£ 1+x)0)]
14171
{1412
{14
(14074

[
FONTUN T
[= SRRSO
s -
—
1

This little modification, carefully considered, hais own impact.
Dealing with and thinking of a binomial-transforikd
(1+x)™ = 1 + bi(m,1) x + bi(m,2) X+ ... + bi(m,m-1) £*+ bi(m,m) X'

is an important tool from early school to determ{iex)™ in terms of powers ot only.
But when put together as a complete, and evenitafset of transformation-coefficients in
the Pascal-triangle, then this is no more simplgolection of an (even infinite) set of
transformation rules, but suddenly occurs as a rgereeral entity, let's say "operator”,
which transforms a whole Vandermonde-vectoito one ofx+1. This view of things
introduce new qualities.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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First, it introduces the vector of powersxofor "Vandermonde-vector ixi') as an individ-
ual mathematical object. This includes then, thate find a certain transformation faf,
then we have also found one $8F* - and for all consecutive powers»fSo, for instance,
if we find a summing-procedure faf" +2™ +3™ +...+x™ in a consistent way in this matrix-
context, we also have found one f8F* +2™*! +3™* + +x™! and also for all consecu-
tive exponents ofn.

Second, it introduceB like anoperator On a first glance that may not be such an over-
whelming news, but note, how natural one wouldt$tathink in terms of repetitive appli-
cation of this operator:

P *V(x) = V(1+x)

P * P * V(x) = V(2+X)

P* P * P *V(x) = V(3+X)
TP x V() = V(nHX)

and naturally this leads to a notion of power®afhich generalizes the binomial-theorem
to arbitrary natural powets

Also the inverse operation immediately comes intodnso
PV(x) = V(-1+x)
P2*V(x) = V(-2+X)
P"* V(x) = V(-n+x)

and opens the field for more general operationsepéated binomial-transforms, which
would hardly be expressible by computing and doaing the appropriate modifications
of the binomial-coefficients.

The Toeplitz-form of a power of P

A useful property, which will be used with tZ&TA -matrix, is the Toeplitz-form of the
powers ofP.

Define the ToeplitzmatriX (z) of powers ofz
(1.3.2) T(2) =V(2) *V(1/2)~

where for arbitrary the matrixT (z) looks like:

1/z 1/z%2 1423 1724 1420
1 /2 17272 1/273 14274

1
2
— . _ 2 z 1 14z || 14272/ 1/203
(1.3.3) T(2):= Toeplitz(z) = . ; 1 G e
z"4 23 z"2 H 1 1/z
25 24 "3 "2 z 1
Lemmal.3

1.3.4) PowersP ? of P are the Hadamardproduct & with the Toeplitzmatrix Toeplitz(z)

P?  =%(2)*P*V(l/z)
=(V@*V({1/z)~) =P /I using"a" for Hadamardultiplication
= Toeplitz(z) o P

Two proofs can be seen in chap details/proofy

in [binomial-matri} | even show the consistency of introducing commewers ofP by means of its ma-
trix-logarithm

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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1.4. Geometric series of P

Now, first let's see, what happens if we add thexdéamonde vectors of consecutive
parameters into a sum-vectar

(1.4.1) S(1,n) =V(@) + V(2) + V(3) + V(4)+ ... + V(n)

This means, that in each row of the sum-veStare have the sum of like powers frdnto
n. And if we had a trianglX of coefficients, perhaps similar to that of thes€-triangle,
such that

S(1,n) = X*V(n)
then we had solved the initial problem. (but sestrfote)

An approach, using the newly introduced operBtare could rewrite this as

(1.4.2) S(1,n) =BV@) +P' V(1) +P* V(1) +PP V(1) +... +P"1 V(1)
or, factoring the/(1)-vector out:
(1.4.3) S(1,n) =(B+P+P*+P%+... +P") V(1)

This shows a conversion of the original problemjolwvhmeanssumming of consecutive
numbers with the same exponéntp one which meansumming of consecutive powers
said differently:of a matrix-polynomial irP or of the powerseries of the matix

This notation directly allows to set the initiallwva other tharl according to the binomial
theorem described above:

S(2,n) = (B+P+P*+P% +... +P™9) V(2)
(P° +P* +P? +P% +... +P"?) P V(1) // one factor P extracted from V/(2)
(P* +P? +P3 +P* +... +P") V(1) // the factor P multiplied to each term
in parenthese
=P (P +P'+P?+P°+... +P"%) V(1) // factor P extracted as pre-multiplicator
= P? (P’ +P! +P2 +P? +... +P"?) V(0) // another factor P extracted to "normalize
the Vandermonde vector to V(0)

and generally:

(1.4.4)
S(m,n) =P (P +P +P? +P% +... +P"™) V(1)
=P" (P’ +P' +P? +P° +... +P"™) V(0)

This is already very good looking, but for eactve had another version, and so this is not
the final solution. So we may look again for moemeralizations.

The expression of sum of powersfofeminds immediately to the infinite geometric eeri
and we may ask, what a triangle would occur if ggemetric series would be continued to
infinity and all powers oP would be added.

! The final idea is here, to use the difference tiedY -matrix (which | call therETA or ZETA for alternating
or non-alternating summing):

S(1,n) = S(1,inf) - S(n+1,inf) = Y *(V(0)- V()
but first some more introductory remarks are needed

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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For a scalar argument the geometric series is plsifarmula:
(1.45) L1+x+x*x+.. = (1 = x)*

which is convergent fofx|<1, and can be summed fax=-1 by divergent summation
techniques. Generally it has analytic continuatmall x except forx=1, where the expres-
sion in the parenthese equals zero.

However, we'll see, that this cannot directly lamslated into the matrix-formulation, since
in the matrix-version(l — P) cannot be inverted. We introduce another step, fiveich
shows the principle of the matrix-formulation, irapienting the alternating sum

(1.4.6) 1-x+X¥—=C+..= (1 +x)*

in the next chapter and then come back to the temnalting version with a workaround
using the Toeplitz-matrix-lemma for powerskof

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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2. Alternating geometric series, "powers of ( -P)" : ETA-matrix

The analoguous matrix-formula (t.4.5)for the infinite geometric series Bfwould read
1
as:

P +P +P?+P%+... = (- P)*
and would be applicable, if the parenthese woulthbertible.

Unfortunately this term, involvin®, suffers the problem, that all eigenvalue$’aire just
equal to the mentioned exception-case for the se@lsionx=1, so we cannot proceed.
this way.

But we could consider the geometric serie&Bf, which in turn means to sum like powers
with alternating sign, in other words: to compute @ta-series for each exponent instead of
zetaseries. Then the values for the non-alternattgseries could, for instance, be com-
puted by the Euleriaeta-zetatransformation formula.

2.1. The alternating geometric series of P

Applying the idea of an alternating sum of like e, we had for the finite sum

(2.1.1) AS(1,n) =V(1)-V(2)+ V(3) - V(4)+ ... +-V(n).
=P’ - P +P?-P’ +... +- P") V(1)

and for the infinite sum

(2.1.2) AS(1,inf) = V(1) - V(2) + V(3) - V(4)+ ... + ...
=(P-P+P?-P+...+ ) V(@)

where the alternating sums of each like powersmoicctihe rows ofAS(1,n)or AS(1,inf)

These are also thalternating-zeta'or "eta"-values of non-positive exponents, each expo-
nent ofeta(-r) according to its row-index

For the infinite case this means to apply the sutiomdormula for the geometric series
and get:

(2.1.3) AS(1,inf) =(1-(-P)} V)
=(1+P)" V()

where the parenthese-term is invertible now.

We call the (provisorial) matrix, which occurs aserse of the parenthese-termrEa3 ;

2.1.4) ETA=(I-(-P)*

This matrix is already much interesting. Its tofh g2gment is

142 .
-1/4 142 .
o -1/2 L1z
1/8 0 -3/4 172 .
— -1 -
ETA = (1-(-P)) o 12 o -1 12

1 General proof for applicability of geometric-sarfermula will be inserted later

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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By its construction it gives, when right-multipliedith the Vandermonde-vector(1)
(which containsl only and performs simply a summing over each rthe)vector ofeta
values at nonpositive integer exponents in theltresator, call itH:

H = AS(L,inf) = ETA* V(1)

1

1

15) ETA*V(Q)=H "
1

* 1

142 . . . _ 1/2

-1/ 142 . . _ 144

-1/ 142 . . ]

148 o -3 12 . -1/8

o 142 o -1 12| = 0

We may smooth up things a bit, and replsi¢g) by P*V(0) and get the final matriETA
according to

(2.1.6.) AS(1,inf) = (B- P +P?-P*+... +- )P V(0)
=P*B-P +P*-P’+...+- ) V(0)

2.1.7) ETA=P* (1 +P)*

1/2 .
/4 172 .
o 12 142

-148 o 34 1s2 .
o -142 0 1 172

ETA=P (I-(-P)} 144 0 -5/ 0 54 172

and again the alternating sums of like powers oheaw ofAS:

218)  AS(L,nf) = ETA* V(0)

Example:

S

0

]

] ..
* a Explicitely

1/2 . . ) . [ 1/7] 10 -2*0 +3"0 -4°0
1/4 172 . | . 144 1*1 -2°1 +3°1 -471
0o 142 1/2 | . 0 172 =272 +3°2  -472
-1/8 0 3/4 142 . -1/8 1°3 -2°% +3°3 -473
o -1/2 o 1 w2 =| 0 = | 174 -24 +374 -479

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



Summing of like powers S. -11-

2.2. Solution for the alternating summing-problem

Now we have two small steps more to go.

Consider, that we start that sum at a higheistead oh=1, such that
AS(1,inf) = ETA * V(0)

becomes

.2.1) AS(3,inf) = ETA*V(2)
P*(P° - P + P -P +.+ )V(Q)
V(3)-V(4) + V(5) - V(6)+ ... -+ ...

and we have
-
2
AS(3,inf) = ETA * V(2) 4
g ..
* 16 (Explicitely:)
142 . . . 1 [ 1] 50 -4°0 +5°0 -0
144 142 . . . 5/4 31 -471 +5°1 -g"1
o 1/2 102 | , 3 32 -472 452 -T2
-1/8 0 344 1.2 _ 555 33 -4°3 +5°3  -673
o -1/2 o 1 1/2] =L 15 =] 34 -4"4 +5°4 -5°4

The last step is, to substract the both results

(222) AS(L,inf) = ETA * V(0) = V(1) - V(2) + V(3) - V(&) V(5)-V(B)+ ... -+ ...
(223) AS(3,inf)= ETA*V(2) = VY@BV(4) + V(B)-V(6)+ ... -+ ...
AS(1,2) =ETA*(V(0)- V(2))

By this we get the formula for the alternating swhske powers (for each exponent):

(2.2.4) AS(1,2) = AS(1,inf) - AS(3,inf)
= ETA* (V(0) - V(2))

=V(1)-V(Q)
Example:

[ 1 1
0 2
ETA* (V(0) - V(2)) = V(1) - V(2) g g
* [ of-L 18

142 . [ o

144 12 . -1

o2 12 -3

-1/8 0 3/4 1/2 -7

o -1/2 o 1 12 =L -18

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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Generalized this is for the alternating sum forheaannegative integer power
Result 2.2

(2.2.5) AS(1,inf) = ETA * V(0) =[(0), (-1), (-2),....1~
(2.2.6.) AS(1,n) =ETA*(V(0)- (-1} V(n)) =V(@)-V(@)+..+-17'V(n)

and even more generalized for any contiguous segaie
alternating sums of like powers:

2.2.7) AS(a,b) = ETA * (-B* V(a-1) - (-15* V(b-1))

which is the final result of this derivation.

It is a general solution for determining the altgimg sums of like powers by means of a
simple fixed polynomial for each exponent.

2.3. "Eta"-polynomials

We may define éta-polynomials” this way, which perform the altermgtisumming
of like powers.

Definition of the m'th eta-polynomial in x
m

031) eta)=(1f  A(-(m- c)) r: X

c=0
etay(x) = (-1 * ( (0)
eta(x) = (-1) * ( (-1)+1 (0)x
eta(x) = (-1 * ( (2)+2 (()x+1 (0)¥
etay(x) = (-1) * ( (-3)+3 (-2)x+3 ()X +1 (0)X
etay(x) = (-1)* ( (-4)+4 (3)x+6 ((1)¥¢ +4 ((1)¥ +1 (0¥

then

232) etg,0)= ((m) = (-1)'k™ =1"-2"+3"- ..

k=1

2.33) etay(n) = = OO(-1)k'1km = D)™(n+1)™- (n+2)"+ (n+3)™- ... )

k=n+1

and the alternating sum ofth like powersas,(n) from1™ ton™ is:

23.4) as(n) =etg(0)-etg(n)=  (-1)K"=1"-2"+ . +(-1)" n"

k=1

Examples
(235) ag(2) =1-2=-1
=eta(0)-eta2) = (-1)-( (1) + (0)*2)=- (0)2=-1
(236) as(4) =1-2+3-4=-2
=eta(0)-eta(d) = (-1)-((-1) + (0)*4)=- (0)4=-2
(237) ag(3) =1-8+27 =20
etay(0) - eta(3)
(-3)- (17 ((-3)+3 (-2)*3+3 (-1)*9 + (0)*27)
2*-1/8 +9*0 +2/4 + 27/2
13/2 +27/2 =40/2=20
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2.4. Resume: the power of the abstraction

We see in the previous paragraphs a simple desivdtr the solution of the summing
problem of alternating sums for like powers.

The approach was induced by the higher abstracfighe elementary binomial-rules for
generating powers dk+1) from powers of. Collecting all these rules (and the resulting
coefficients) into a matrix introduced the possipito see the original problem of summing
of zeta-/eta-series in terms of a sum of a geomséries by a notion of iterated application
of the binomial theorem via the binomial- or Pagualrix and their powers.

The approach seems very natural to me, and magiergized to other problems, involv-
ing Bernoulli- or Stirling-numbers to mention ortlyo. In my collection of articles about
"ldentities involving binomial-coefficients, Bernlbubnd Stirlingnumbers com-
piled a lot of similar identities to have the totdsexperiment with some of these questions.

The underlying idea of these all is, to see thericed as operators acting on powerseries
without changing their character, or changing thera useful way, for instance convert it
to a powerseries of logarithms or exponentialstaedike.
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3. non-alternating geometric series,"powers of P": ZETA-matrix

3.1. Notes

The same process cannot be applied one-to-one teetia-version. The reason, as | stated
above, is the impossibility of the application loé tformula for the infinite geometric series
usingP, due to the impossibility of inversion of

(-Py

That there is in fact a matrix, which performs thahalternating summation may then be
surprising. The most significant difference to apexted analogy to the eta-matrix occurs,
in that

* the matrix is not exactly triangular
(but has an additional subdiagonal above the jahciagonal)

* the infinite value (1) must be handled.

Analoguously to th&TA-version, the sum of like powers is determinedh®ydifference

(3.1.1) S(1,n) = ZETA * (V(0) - V(n))

The submatrix, ignoring the first columnDETA , however is a known entity; it is exactly
the matrix of coefficients, which Hans Faulhabed dacob Bernoulli described (also using
the Bernoulli-numbeR; asl3, = +1/2), and | described this submatrix already in thaptar
Gp (currently in work) and the initial articlégrnoulli

3.2. zeta-values as sums of entries of the geometri ¢ series of P

Completely analoguously to tl€r'A-matrix idea we formulate the powerserie$of

G21)  S(Linf)= V() + V(2) + V(3) + ....
= (P +P*+ P +... +- ) V(0)

Since we cannot use the shortcut-formula for thengdric series, we employ here the
Lemma concerning the structure of entries in powsr®. RemembelLemma 1.3 (see
chap.1.3)

Lemmal.3:
Powers z oP are the Hadamardproduct & with the ToeplitzmatriX(z)

P? =T(z)o P =Toeplitz(z) = P

The Hadamard-product & with the following sum of Toeplitz-matrices is thelution for
ZETA:

@22)  ZETA=lIm (TQ)+T@)+T@3) +...) aP
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The entries oZETA are then analoguously to tE&A-matrix":

(3.2.3) ZETA:= (-(r-c))* binomial(r,c)

Caveat at a first glance, this seems to be then simply

but by the sum of the Toeplitz-matrices we gehim first upper subdiagonal entries which
contain the infinite (1) -coefficients and this must explicitely be conséatk

3.3. Considering the entries which sum up to D

If we reconsider the binomial-matrix as containibigomial(r,c) ateveryentry, then in this
first upper subdiagonaive have entries dfinomial(r,r+1). These are numerically zero in
all cases, but only because of the limit of theomral-formula:

(3:3.1) binomial(r,r+1) =
r! ! 1 1 1

(r+1)(r-(r+1)) (r+1)(-1) r+1(-1)!

which is zero for all entries. The reason is tHaity at (-1)! = gamma(0)

The corresponding entries ZETA have (1) as cofactors fobi(r,r+1), here marked yel-
low:

which are conventionally undefined expressions.

If we set the ratio of the two infinities

Proposal 3.3seedefinition for zeta/gamma ratip

(3.3.2) Definition:
(1) / gamma(0) =-1

then we have the working model of tAETA -matrix.

! pari/GP: ZETA= matrix(n,n,r,c, \
if(r==c-1, -1/r, \
if(r>=c, -zetafrac(-r+c)*binomial(r-1,c-1)) ))
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3.4. numerical display of ZETA

The remaining upper-right entries still are zeriacs all other zeta-values are finite and
cannot cancel the infinities in the denominatorthefbinomials:

(3.4.1)
-2 -1 0 ] 0 0
-1412 -152 -142 ] 0 0
o -1/ -1/2 -1/3 0 0
14120 g -1/4 -1/2  -1/4 0

o 1/30 o -143 -1/42 -1/%
ZETA =L -1#252 o 1/12 oo-5412 -1/s2

3.5. Solution for the non-alternating summing probl em

The matrixZETA performs the non-alternating summation in the @nadus form as the
ETA-matrix above:

Example

[ 1] 1
0 p
0 4
@5.1) ZETA*(V(0) - V(2)) =V() + V(2) 0 g
0 16
* | 0|-| 32

102 -1 0 0 0 0 2]

-1412 =142 -142 0 0 0 3

0 -1/8 -1/2 -1/3 1] 1] ]

1/120 0 -1/4 -1/2  -1/4 a 8

0 1430 0 -1/3  -1/2 -14% 17

-1/282 o 1412 o -5/12 -1/2] = L 33

Note, that because of subtraction wit0) involved, the first column oZETA is irrele-
vant and thus the first row of thg)-vectors, so we may write this in a shorter form:

a 2
] 4
0 g
@5.2) OZETA*(0*V(0)-2*V(2)=V(@)+V(2) = S(1,2) ol
0 532
* | 0. o4

-1 . M7

-1/ =142 . 3

-1/8  -142 -1/3 } ]

0 -1/4 -1/2  -1/4 : 9

1/30 0 -1/3  -1/2 -145 . 17

0 1412 0 -5/12 -1/2 -1s8] = L 33

Note, that the deletion of the first row of a Vandende-vectol (n) means just the multi-
plication byn, son * V(n) performs this deletion (or simply shifting by oexponent).
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The zero-vector can be omitted, and signs can laptad and the remainingETA -
submatrix, call itGp, is then the working example for the summing-peotul

Result 3.5:
(35.3) ZETA *V(0) =[(0), (-1), (-2),..]~
(3.5.4. ZETA * (V(0) - V(n)) =V(Q)+V(@)+..+ V(n)
(35.5.) ZETA* (V(m-1) - V(n)) =V(m) + V(m+1) + ... + (W)
and
(3.5.6.) ZETA* (V(n-1) - V(n)) = V(n)

Short forms

(35.7.) G, *nV(n) =V(@A) +V(2) +..+ V(n)
and
(3.5.8.) G, * (n V(n) - (n-1) V(n-1)) =V(n)
Example

[ 2

G, * 2* V(2) = V(1) + V(2) :

Gy *n*V(n) = V(1) + V(2) + ... + V(n) 16

32

* | 64

1 . [ 2

142 142 3

/6 142 143 . : . 5

o 14 142 144 . . 9

-1/30 0 143 142 15 17

o -1/12 0 5/12 142 148 = L33

Here we have the matr@p as the exact version of the Faulhaber/Bernoullrimaf coef-
ficients for summing of like powets

11 called this matrixGp in my first article about Bernoulli-numbers, whéhés matrix occured (but with apriori
knowledge of the Bernoulli-numbers, precisely: froomtext of the existence of two versions of seqasrd
Bernoulli-numbers differing if§;, having either1/2 or +1/2 as values).
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3.6. "Zeta"-polynomials

We may define Zetapolynomials" completely analoguous to tbepolynomials, which
then perform the (non-alternating) summing of fdcevers.
Only -additionally- we have to consider the firgiper subdiagonal, which is related to the
(1)-expressions.
(3.6.1)
Definition of the m'th zeta-polynomial in x

m+1 m
zetay(x) = z(-(m-c)) x° [/lwhere (1)*bi(m,m+1) = -1/(m+1)
c=0 C

(3.6.2.) OF
m m 1 N
zeta(x)=  z(-(m-¢)) x° - ——x"*

=0 c m+1

note the perfect match with the origidaBernoulliconsideration(inverse signs), settingk®=- (1-k)

Examples:
zetg(x) = (0) -1 X
zeta(x) = -(D)+1 (0)x -1/2 %
zeta(x) = (-2)+2 (()x+1 (0) ¥ - 13 %
zeta(x) = (-3)+3 (-2)x+3 (-(1)¥ +1 (0) X - 1/4 %
zeta(x) = (-4)+4 (3)x+6 (-(1)X¥ +4 (-(1)X +1 (0)¥ - 1/5 %

then (using the notation of the Hurwitz-zeta-funic}i

0o

3.6.3) zetg(0) = (-m,1) = k" =1"+2"+3+ ..
k=1
00
3.6.4) zetg(n) = (-m,n+l) = K™ =(n+1)"+ (n+2)"+ (n+3)"+ ... .
k=n+1

where the latter is the Hurwitz-zeta-functio-m,n)for each rowm (only my row-indices
m have inverse sign to the Hurwitz-zeta-exponeis, riiay be a bit confusing...).

The (non-alternating) sum afth like powerss,(n) from 1™ ton™ is:

(3.6.5.)
s(n) =zetg(0) - zeta(n) = ’ k"=1"+2"+ ... +n"
= (-m,1)- (-m,n+1) - /I the Hurwitz-zeta-function
Examples

s(2) =1+2=3
= zeta(0) - zeta(2) = (-1) - ( (-1) + (0)*2-1/2*4) =- (0)*2+2 =3

s(4) =1+2+3+4=10
= zeta(0) - zeta(4) = (-1) - ((-1) + (0)*4 - 1/2*16) =- (0)*4 +8 =10

%(3) =1+8+27 =36
zeta(0) - zeta(3)
(-3)-((-3)+3 (-2)*3+3 (-1)*9+ (0)*27 -1/4*81)
- 9*0 +27 /12 27/2 + 81/4
9/4 +27/2 + 81/4=45/2 +27/2 =36
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4. Summing of like powers with negative exponent

4.1. Intro
Completely analoguously to the summing with positexponents the summing can be
performed with negative exponents.

Note for this, that the inverse of the binomial-maP* performs "shifting" when left-
multiplied with a Vandermonde-vectorfFdr a proof see for instancginomialmatriy)

Example:
1
-1 1
1 -2 1 .
lim /2 V(1/2)~*P' = 1/3*V(L/3)~| -1 3 -3 1 .
1 -4 & -4 1 .
-1 5 -10 10 -5 1

[ 172 14 1/8 1/16 1432 1/64] . [ 143 1/9 1427 1/81 1/243 1/729]

The reason, why I call this "shifting", may be kettinderstood, if on the lhs we document
a whole set of powerseries (in terms of the Vandes-vectors, which | usually calV,
) and on the lhs the whole set of results:

Examplé:
- )
11
1 -2 1 .
lim 1x V(LiX)~ * P = 1(x+1) * V(U(x+1) ~ | -1 5 -3 1
1 -4 6 -4 1
| - 5 -10 10 -5 1
11 1 1 1 11 [12 14 W8 146 1432 1/64]
/2 144 /& 116 1432 1464 /5 1/ /27 1/81  1/43 1729
/3 149 1727 1/81  1/245 14729 1/4 1/16  1/64  1/256 141024 1/4096
/4 1416 1764  1/256 171024 1/4096 1/5 1/25 14125  1/625  1/3125  1/15625
/5 1/25 14125 14625 1/3125 1/15625 1/6 1/36 1/216 11296  1/7776  1/46656
/6 1736 14216 171206 1/7776 1046656 | 17 1/49 1/343 142401 1/16807 1/117549)

Analoguously to chaptL, to repeat this operation means:

1 *V(@A)~ *P'=1/2V(1/2)~
1/2 * V(1/2)~ * Pt = 1/3 V(1/3)~

and generally

4.1.1) V(1)~* P"= 1/(n+1) * V(1/(n+1))~

1 Note: In the following examples I'l omit the @iies, which conventionally denote infinite extensitor
brevity

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures



Summing of like powers S. -20-

4.2. Sums of like powers of reciprocals: basic nota  tions
The summing of a contiguous interval of reciproéaldenoted aSg(a,b)

(4.2.1.) SR(a,b)=1V1+ 1V 1 + 1 V 1 +...+1V
a a a+l a+l1 a+2 a+2 b

T

where in the'th row of Sz(a,b) are the scalar sums

1 1 1 1
4.2.2. ab) = + + +.tt—
( ) S?( ) a.r+1 (a+1)r+1 (a+2)r+l br+1
Examples:
Ther'th harmonic numbehm,(b) is
(4.2.3) h(b) =S(1,b),
For Sk(1,inf) we have in the rowthe zeta-value:
(4.2.4.) (r+1) =Sg(1,inf), =1+ 1 1 1

2r+l + 3r+l + 4r+1 +

Thus we get again a geometric series, where in each of the result is(r+1),

(4.2.5) K(1,inf)~ =V(Q)~+ 1/2V(1/2)~+ 1/3V(1/3)~ +...
can be written as
(4.2.6.) K(1,inf)~ =V@)~*(P°+ P+ P?+..).
and we could express this with the shortcut fornfofayeometric series iR™
4.2.7) SK(1,inf)~ =V(1)~*(I-PYH?

if the parenthese were invertible.

We simply face the same problem as we did whemdry® sum the alternating and non-
alternating zeta-series with negative exponents; trat the inverse oP is involved in-
stead ofP. But since the diagonal &f andP™ are the same, we have the same problem
(and solution) here.
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4.3. Solution for the alternating sum of like power s of reciprocals

Define the sum vector for the alternating vectoiese
(4.3.1) AK(1,inf) =V()- 1/2V(1/2) + 1/3V(@1/3) - ...

Then, by construction, we'll have in any elemenA8k(1,inf) the according value of the
eta()}function ():

4.3.2) ASK(1,inf)y = (1+n)
Replacingl/n V(1/n)~by V(1)~ * P*" and factoring out o¥(1)~ we have also:
AS(L,inf)~  =V(@)~*(P°- P+ P?-.).
The parenthese on the rhs can be computed, usrgetimetric-series-formula, by
AK(1,in)~  =V(@)~*(1+PYH?
We may provisorially call the parenthese-tdmA,:
(4.3.3) ETA=(1+P™hH*

and see, that this identical to dtif A-matrix.
Proof recall the definition oETA from (2.?7?7?)
ETA=P* (I +P)!
put the first P into the parenthese and multiply o

ETA  =((+PyPH*
—_ ( P—l + I) -1
ETA

End of proof

So, analoguously to the summing propert{®#A in chap 2 we have
(4.3.4)
AS(1,inf)~ =V(@1)~*ETA
=[ @), @), 3]

Beginning at a different starting-value we have (akernating) Hurwitz-zeta-values in
ASg:

(4.35.)
AS(a,inf)~ = (-1} V(a)~ * ETA
=[ (1,2, (2,a), (3,a), ...]

The difference of two such partial infinite sumewde the alternating sums of a contigu-
ous segment of like powers of reciprocals:

436)  A(ab)~ = AR@,inf)~ - AR(b+1,inf)~

a-1 b
- &V 1 - ﬂv i ~*ETA
a a b+1 b+1
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In conventional notation this is - for the firstwmn c=0 - of the result:

b 1 00 (_ 1)a—1 (_ 1)b—1
4.3.7. 1)k == -
( ) k:a( ) K o gkt b1

Al- k) /1 with ¢=0

Extended to the other columns, using the appraphbatomial-factors:

38) b(_l)k 1 :oo (_1)a—1- (_1)b—1 k
o ‘ea kc+l - ak+1 bk+1 c

h(c- k) /I with ¢ 0

Notes:

1) To confirm the result numerically, we need tegleis of divergent summation, since
the sums for each column diverge; but using foramse Euler-summation the result
can be verified easily.

2) If a finite und b infinite, we have the altermafiHurwitz-Zetas in the columns of the
result 6ee (...).

3) If a=1, andb finite we have the&'th alternating harmonic numbeas, (b), the sums
from 1/1 up tol/f

@39)  [V(1)- (1P V(1/b)]~ * ETA = [ah(b), ah(b),ah(b), ...]

4.4. Solution for the non-alternating sum of like p  owers of reciprocals

Define the sum vector for the vector-series
(4.4.1) K(1,inf) =V(@Q)+ 1/2V(1/2) + 1/3 V(1/3) + ...

Then, by construction, we'll have in any elemenSg(L,inf) the according value of the
zeta(}unction ():

4.4.2) SK(1,inf)y = (1+1)
Replacingl/n V(1/n)~by V(1)~ * P*" and factoring out o¥(1)~ we have also:
K(1,inf)~ =V(@)~*(P°+ P+ P%+..).
The parenthese on the rhs can be computed, usntpeplitz-formula, by
(4.4.3) K(1,inf)~ = lim V(1)~ * [P* T(k)]
k=0

The result forSx(1,inf) is (seeproof for identity zeta)

(4.4.4) K(1,inf)~ =limV(1)~* (- ZETA)

The results foSx(a,inf) andSx(1,b) andSz(a,b) are then accordingly
(4.4.5.) K(a,inf)~ =lim/aV(l/a)~* (- ZETA) =, (2), (3),...]
(4.4.6.) K(1,b-1)~ =lim[ V(@) -1/bV(1/b)]~*EETA)
(4.4.7.) K(a,b-1)~ =lim [l/aV(1/a) - 1/b V(1/b)] ~ * (- ZEA)
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| verified the result numberically using Euler-suation of order.7 with dimensiom=64
of the matrices to three decimal places using GRri/

Example:

142 1 o o o i
1712 142 142 o o o
: o 1/6 1/2 1/3 o 0

~ % (_
lim V(l)_ (-ZETA) -1/120 o 1/4 1/2 1/4 o
=[gamma,(2), (3),...] o -1/%0 o 173 142 1/5
14252 o -1/12 o 512 142

[1 11 1 1 1] [0o.57722 16449 1.2020 1.0821 1.0359 1.0139]

direct computation using Pari/GP: [ o.57722 1.5443 1.2021 1.0823 1.0369 1.0173]

So, analoguously to the summing propertZ B A in chap3 we have

(4.4.8.)
K(1,inf)~ =V(1)~* ZETA
=[gamma, (2), (3),...]

Beginning at a different starting-value we havekhgwitz-zeta-values iSx:

(4.4.9.)
S(a,inf)~ =V(a)~ * ZETA
=[ (1,2, (2,a), (3,a), ... ]

The difference of two such partial infinite sumsyide the sums of a contiguous segment
of like powers of reciprocals:

@410)  K@b)~ = K(@,inf)~ - K(b+1,inf)~
= EVE_LVL ~*7ETA
a a b+1 b+l

In conventional notation this is - for the firsti@wmn c=0 - of the result:

b 1 : 00 1 1
(4.4.11) - = K+l W

z(- k) /withc=0
=aK ko @

Extended to the other columns, using the apprapbaiomial-factors (where the normed
term at (1)-positions are added)

bl_oo 1 1

K+l b+l

k .
1o Z(c- k) /1 with ¢>0
k=a k k=c-1 & c

(4.4.12)
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Notes:

1) To confirm the result numerically, we need tegueis of divergent summation, since
the sums for each column diverge; however Eulerssation does not suffice here.

2) If afinite undb infinite, we have the Hurwitz-Zetas in the colunafishe result.

3) If a=1, andb finite we have the'th harmonic numbets, (b), the sums fromi/1 up to
1/

@413)  (V(1)- V(1/b))~ * ZETA = [ k(b), h(b) ,rs(b), ...]
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5. Generalizations

5.1. Different arithmetic progressions

(not yet ready. It mean simply using powers of Ehimformula for geometric series)

5.2. Fractional exponents

(not yet ready. It mean simply using fractional posvof P in the formula for geometric
series, also P is no more triangular)

5.3. Resume

(not yet ready)
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6. Proofs and details

6.1. Proof: the z'th power of P is the Hadamard-pro  duct of P and T(z)
6.1.1.) Definition:
V(a)* V(1/a)~ = Toeplitz(a) := T(a)

Lemma 6.1.1The entries oP® are the entries of the Hadamard-prod®ct Toeplitz(a)
Proof 6.1.1:
From the binomial-theorem it follows,. that
©12) P*V(@)=P*[lada,..]~=[la+l,(a+1)(a+1)’..]~

where then'th row of the rhs is (writingi() for binomial())

(1+a)" = a° bi(n, 0)+ & bi(n, 1) + ... &* bi(n, n-1) + & bi(n, n)
But we may also write

(1+a)" = a" (1+1/a)’
and this is, using theéth row ofP:

©13) a' (L+1l/a) =a" (& bi(n,0)+ a' bi(n,1) + ... &" bi(n,n-1) + a" bi(n,n))
=a'P,-*V(1/a)

This is formally identical for each row iR, so we may write the leadiraj as left-
multiplication with the diagonal matri¥ (a):

6.14) P*V(a)=%(a)*P*V(l/a)
Rewriting the rightmost column-vectbi(1/a) as product ofV (1/a)*V(1):
©.15) P*V(a)=(V(a)* P *%V(1/a)) * V(1)

Now the cofactors dP on the rhs rescale the entriesPdfy a ™, which can then be seen
as the Hadamard-product ®Bfwith the ToeplitzmatrixT (a).

On the other hand,

6.16) P*V(@) =P**V(1)

so also, combining4.1.5)and(4.1.6) itis :
©.17) P?=(%(a)* P *%/(1/a))

The entried’; ) of P* = V(a)*P*°V(1/a)are

(6.1.8.) P%qg=a *Ppg*a“=P[rc]*a"™

and thus can be written as a hadamard-produetvath the Toeplitzmatrix o :

(6.1.9.) P2=P Toeplitz(a)

End of Proof.
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Second Proof forLemma 6.1.1

Corollary 6.1.2

(6.1.10.)
The pascal-matrix can be seen as matrix-exponeotialpurely subdiagonal-matrix
containing the natural numbers.

Example:
L =SubDiagz(_1) 2
P =exp(L) 2

R
exp....E.):

o i )
[ T ST T
[ R w R R

[ R

[, SCRE

Proof: this follows immediately from the exponential-sarfor L.
see for instance in [binomialmatrix]

Corollary 6.1.3:

(6.1.11.)
A power of the exponential is the exponential ofudtiple of the logarithm.

Proof: this is a known property valid also for invertiletrices.

Restatement of Lemma 6.1.1:

(6.1.12))
The n'th power of P contains the original binomesitries cofactored with powers of n,
in terms of a Hadamard-product of P with a Toepfi#zrix formed from powers of n.

In matrix-description: (where denotes the elementwise ("Hadamard")-product)
©113)  P'=%Mn)*P*%(@n)=P (V(n)*V(@/n)~)=P Toeplitz(n)
Proof 6.1.2:

If we use the logarithrh and multiply it by an arbi- o
trary complex scalar fact@we have initially: T gws
4* s
The cofactors arrives at consecutive powers for consecutive isgjothals, when ex-
panding the exponential-series, and does not affeatonstructed binomial-coefficients.

The matrix exponential is then finally 1 :
5 A1 1 :
6.1.14) P° =P Toeplitz(s) SRl 5 W2 1 .
=WV(s) * P *V(1/s) SRR SN2 5 %3 1

S R L T T |

which is also the Hadamardproduct of the Pascatixn@twith the product
(V(s)* V(1/s)~ )so thatemma 4.1.1s proven and we have:

(6.1.15.) P®:= PS5, . = binomial(r,c)*s Il =0if c>r

End of proof 6.1.2
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6.2. Formal description of the entries of ETA /ZETA

Corrolary 6.2.1 the sum oP* V(a) + P* V(b)is

PV()+P V()=

P*V(1) + P**V(1) =

(P*+P°)* V(1) =

=[P (Toeplitz(a) + Toeplitz(b))] * V(1)

Lemma 6.2.1The infinite sum oP V(0) + P V(1) + P V(2) + ... is:

(6.2.1.)
P* ot V(K) = (P k=0,nf T0€PIitz(k)) * V(1)

conditional on summability of (possibly divergesums for any entry

Result 6.2.1
the entrieETA, . of the matriXETA are the alternating sums of powers, th{s
values at nonpositive exponents, cofactored bymialocoefficients:

(6.2.2.) ETA,. = P * (-(r-c))
= binomial(r,c) * (-(r-c))

Result 6.2.2
the entriesZETAr,c of the matrixZETA are the sums of like powers, thgsvalues at
nonpositive exponents, cofactored by binomial aeffts:
(6.2.3) ZETA = P * (-(r-c))
= binomial(r,c) * (-(r-c))

The entries of the first upper subdiagonal are dfiere -1/c, where ¢ is the column-
number, due to the setting:(see chap (4.3))
()/(-1)! =-1
and @Q)/-1)*1/c =-1lc.

Proof 6.2.1

According toLemma 6.2.1the entries oZETA/ETA can be described as binomials
cofactored with the non-/alternating sums of theoading entries of all involved Toe-

plitzmatrices, which form then thg) / ()-function-values with row/col-specific expo-
nents.

Since in each entry of thith power ofP is
Prg = Prg *n'™

the non-/alternating sum of all powers forl..infin each entry oZETA/ETA is

ZETA lim P*(F9+P1+P2+...) rc = Pr,c * k=1..inf K_C
= B¢* (-(r-c)) /l wherer,c 0
=-1/c = Q)/(-1)!/c /Il where c=r+1

ETA  lim P*(P-P+P%. ) e =Prc*  ierin (1)K
= Pc* (-(r-c))

whose divergent sums are known, or can be evalubjedRamanujan- or Euler-
summation to the approriaté or ()-values.

End of proof
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6.3. Ratio of (1) and gamma(0)

| don't have an authoritative reference for thenitgén yet, but some hints, which I'm try-
ing to extend. Here is a source from a discussiarsenet:

6.3.1. Usenet-discussion (1): sci.math

In article <f2c0fs$5ee$0...@news.t-online.com>,tféiet! Helms wrote:

> Hi -

> in the context of binomials | came across thiss$itution as meaningful, or say more precisely
> that it would be meaningful to set

> zeta(l)/(-1)!'=1

> |s this appropriate also in other contexts? (&ritien to argue why, would be helpful too)
> Gottfried Helms

Laurent series, Zeta(1+x) = 1/x + ...
Gamma(x) = 1/x + ...

so the ratio convergesto 1 as x -> 0
That is probably what is meant.

G. A. Edgar http://www.math.ohio-state.edu/~edgar/

6.3.2. Wikipedia: Riemann-Zeta-function, "Laurent series"

http://en.wikipedia.org/wiki/Riemann_zeta function

"The Riemann zeta function is meromorphic with aglErpole of order one at s = 1. It can thereforeek-
panded as a Laurent series about s = 1; the sEnefopment then is

1
C(s) = s—1 0 (s =1)+7(s—1)"+---.
The constants here are called the Stieltjes cotsstanal can be defined as (...)"

6.3.3. usenet-discussion (2) : de.sci.mathematik

Von: Peter Luschny (venice@luschny.de)
Datum: 23.02.2007 09:55
Message-ID: <erma65%$9j7$1@online.de>

Schau auf dieses harmlose Funktionchen
g(x) = -x*sin(Pi*x)*GAMMA(-x)/Pi a.998-

und betrachte es fir Werke< 0. Im wesentlichen d
Funktion sin(Pi*x), nur dass sie immer starker os

liert wennx -> -oo geht. e
An den Stellem=-1,-2,-3,...hat sie nattrlich den Wi
0. 0.994-
Danach betracht&eta(x)fur x<0. Ein kleines Rege
wirmchen, das sich um dieAchse schlangelt. Tot o 990

harmlos.

Also ist auchZeta(x)*g(x)total harmlos Uberall auf ¢
negativen Achse. Ok so weit?

Na gut, abeZeta(x)*g(x) = Zeta(x)/Gamma(x-ertig. -Zeta(x)/(-x)! for x=0.9..1.1
Weil 1/GAMMA(X) = -x*sin(Pi*x)*GAMMA(-x)/Pi.

Ersetze jetzt das Wort 'harmlos' durch, etwa, i¢¢
und du fragst nicht mehr nach eps/delta.

19 092 094 0% 09 1 102 14 106 1.08 11
x

http://peter.luschny.googlepages.com/zetafactorial
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6.4. Proof for identity ZETA ,=-ZETA

Starting at eq(4.7.4.3:

(3.7.4.3) S(1,inf)~ imV)-* [Pt T(K)]

k=0
where
Pl=J*P*J=N(C1)*P*N(-1)=P T(-1)
We may provisorially call the bracketed teffaTA,:
(6.4.1.) ZETA := ZETA ;¢ = (-1)"° binomial(r,c)* (c-r)
and see, that this identical to AETA-matrix.
Proof Put the first P into the parenthese and multiply ou

ZETA =P' (TO)+ TA)+T@)+TE@) +....)
P T(0) +P' (TQ)+T@)+TEQ)+...)

| +JPJ (TA)+TR)+TEQ) +....)

| +J [P (TA)+TR)+TB) +....)]J
Now recall the definition oZETA from (3.3.3

ZETA=lim (T(1)+ T2+ T@) +....) &P

(6.4.2.)

Then put this into the bracketed term of the presiformula and get

(6.4.3.) ZETA | +JZETAJ
| +ZETA T(-1)

Now at each place, where the Hadamard-multiplicatitanges the sign @ETA, there is a va-
lue ZETA, <>0, and at each place, where it doeZ&fTA, =0, except in the diagonal, where
ZETA, . = -1/2. Thus we have to compensate for these diagonaeeity addition oR*-1/2*| :

(6.4.4) ZETA T(-1)=-ZETA-I

Thus

(6.4.5.) ZETA = | +ZETA T(-1)
= | -ZETA - |

(6.4.6.) ZETA
End of proof

-ZETA
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7. Loose ends

7.1. extension of ZETA to ZETA . and its reciprocal

The matrixZETA could not be found by the shortcut-formula foiinite geometric series
due to the impossibility of the inversion @f- P). Also the inversion oZETA gives unin-
teresting results, the entries cZETA ™ - matrix are altered by the dimensionZd&TA .

But it is an interesting experiment, if we preBETA with a row and the most reasonable
guess for the missing top-left element, call thiteeded matrixZ+ .

which is numerically (except (ascii-) writiref. for (1) itself):

-zl .
-1/42 -1 .
-1412 -102 0 -142 .
o -1/ -1/2 -1/3
1/120 o -1/4 -1/2 -1/4
0o 1430 o -1/3% -1/2 -1/58

(7.1.1) Z, =

where z1 is( 1).

The reciprocal oZ+ occurs numerically as the following Pascal-simitatrix with one
additional column and the diagonal subtracted:

-1/21 .
142421 -1 .
-143721 1 -2 !
174721 -1 3 -3 .
-145/21 1 -4 & -4 .
1/84z1 -1 5 -10 10 -5

(7.1.2) zt =

where z1 is( 1).

The entries here are independent of the dimendiat+pand interestingly the submatrix
with column1 removed is jusfl - P™), thereciprocal of P (instead ofP itself!). Note that
the whole columi is numerically zero.

If Z+ andZ+" are taken as eigensystem with the set of eigeasalising) = diag(1,-1,1,-
1,...)as described for instance in [binomial] then wethe eigen-composition ¢j + , an
extended version &?j :

-1zl
172621 -1 .
S48z 1 -r
-1
(7.1.3) Z,*J*Z," =Py 1/4/21 -1 3 -3

-1#5421 1 -4 6 -4 .
* l/eszl -1 5 -10 10 -5

-zl . . . . . 1 .
-1/42 -1 . . . . /21 -1 .
-1412 -102 0 -142 . 4 . /2% -1 1 .
o -1/ -1/2 -1/3 . . /0321 -1 2 -1 .
1/120 o -1/4 -1/2 -1/4 . 1A04%=1y -1 % -3 1 .
0o 1430 0 -143 -142 -1/5[* ] = /%21y -1 4 -6 4 -1
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7.2. The matrixlogarithm of ETA

Heuristically, the matrix-logarithm has the follaw structure, which has the interesting
property, that a shifting of the exponents of eteuns: just by taking the matrix-logarithm
we introduce- (1) and the first column has one exponent shiftedientompared with
ETA itself. Also the signs are changed.

-Tog2 .
=142 -1og2 .
-1/4 -1 -log? .
] -3/4 -352 -Tog2 .
1/8 ] =352 -2 -log2 .
] 548 0 -ar2 -5/2  -log2
lim,>o0 lOg(Eta,n)=1| -1/4 o 15/ o -15/4 -3
] -7/ 0 35/8 o -21:4
17 /16 ] -7 0 3574 ]
0 153716 0 -21 ] 63r4
-31/4 0 7esi/le 0 -10542 ]
0 -341/4 0 2505/16 0o -231:2
| 69148 0 -1023/52 0 8415718 0]
where n is the number of terms in Pari/Gp: m=96; bestappr(MLog(1.0*ETA,m),1e4)
the logarithmic series used \\ replace diagonal by token -log2

(7.2.1)
proposal:
logETAo = - (1-(r-c))*binomial(r,c)

(7.2.2)
a recursive definition:
logETA, = - eta(1-r)
[0QETA 1 c+1 = [OQETA * (r+1)/(c+1) lffor r>=c

7.3. The matrix-logarithm of G * 97(-1) (instead of ZETA)

The matrix-logarithm oZETA seems to be uninteresting, since its entries ahaiitdp the
dimension. Sinc& ETA" is triangular, formally a consistent matrix-loghm is possible
here; but again it is uninteresting because of theinfinity in the top-left-element.

What is actually possible and interesting, is te the matrix-logarithm of thBETA -torso
Gp, and actually of the column-scaled-versi®p*“Z(-1), which then is the matriB of
Bernoulli-polynomial$, or differently said, the matrix of derivativesZétapolynomials.

We get - in rational arithmetic, since the numamio the logarithmic matrix-series are
nilpotent -:

0 :
§ 142 o :

LOG=mlog(G*"Z(-1)) S1412 1 0 |

LOG=mlog(B) 0 -1/4 32 i

14120 o -1#s2 2 o .
0 1524 0 -5%% 572 0

! (see articlePMATRIX for a bit more detailed description)
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The entries of£OG are

(7.3.1)
Proposal:
LOG.=- (1-(r-c))* binomial(r,c) I for r>c

7.4. ETA as eigensystem: building a Genocchi-Matrix

If we use theETAmatrix as eigensystem with eigenvaldgé1) = diag(1,2,3,4,...ve get
GEN =- 2 * ETA *¥'Z(-1) * ETA

where the Genocchi-numbers are in the first colstarting a'nd row and are in the next
columns Toeplitz-like arranged again with binonuafactors:

[ -2
1 -4 .
-1 2 -5 .
| o -3 3 -8
GEN=1 7 ¢ & 4 -1
o5 0 -1 5 -12 .
-3 0D 15 0 -15 & -1&
| 0 -21 0 3% 0 -21 7 O-18)
whose entries are
(7.4.1.) Proposal:
the diagonal:
GEN[r,c] =- 2 * (r+1) I[forr=c
the lower triangle:
GEN[r,c] = A036968(r) Il forr>c=0
GEN[r,c] = binomial(r,c)*GEN[r-c,0] /[ for r>c>0
OEIS:
AQ036968 Genocchi numbers (of first kind): expansior2af(exp(x)+1)

7.5. Graphs for ZETA-polynomials /Gp-polynomials

Them'th zeta(}polynomial, in matrix-notation is
(7.5.1) zeta,(x) = ZETA[M]*V(X)
or in conventional notation
m+1 m m m Xm+1

(75.2) zeta(x) = I(:Oz(- k) K X = z(- k) K X' - o
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Omitting the constant term kt0 in the above formula (which means only to ignorea
tical shifting in the graph) and reversing sigraljing that thegp()}polynomials, we have
in matrix-notation

(7.5.3) gpm(X) = Gpm* X V(X)

or

(7.54) o= -z K TR X"
o - k m+1

and this is also, to see the relation to berngqadlimnomials:

m k+1

X
= o R—
(755) gpn(X) K O

k=0
wheregp.(X) can be recognized as the integral ofrtith bernoulli-polynomiaby(x)

Example-graphs:

The graph shows the curves for the first |
gp(rpolynomials forx=-2..+1 y=-1..1. '

Note the seemingly perfect symmetri
aboutx=-1/2, as well as the approximatio |
to a cleassin(}type curve in the area

The graphs i groups ofgp., according to thd residuegroups ah (mod 4)
IP,4.8.14X) gP5.9.14X) IP.6,10,14X) IR 7,11,14X)

e == i  ._ y / fl N ‘I"‘.‘ f
\ /] !/ I\ /i

!/ '\
A \ / /
! / A / / f \ /
N / AN B __/ 2

I don't have analyzed the zeros of gpepolynomials besides heuristics so far, but the way
of analysis should be similar to that of the zevb®ernoulli-polynomials, for instance in

[Vaseloy
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8. Citations

8.1. concerning the original finding of Bernoulli-n umbers

Jakob Bernoullin Ars Conjectandi, P.99

Eric Weisssteinn http://mathworld.wolfram.com/BernoulliPolynomialknit

{(shramowitz and Stegun 1972, p. 804), first obtained by Euler (17383, The first few Bernoulli palynomials are

By (%) =
1
Bilx) =%-5
2 1
Byfx) =¥ =%+
Bg[x,]zxg—%x2+%x
4 LIRS |
=X —2x +x - —
Balx) = 30
Bs[x]:xj—%x4+ix3—%x
f 505 .4 1.2, 1
=X -3x+ =X - —-x +-.
Bs (x) = 7 : 42

Bernoulli (1713) defined the polynomials in termssafms of thgowersof consecutive integers,

w-1

1
2 F T == (B - B, O))

k=0

Ed Sandifein MAA-Online, "Bernoulli numbers" (September 2005

http://www.maa.org/editorial/euler/HowEulerDidIt/Bernioumbers.pdf

In modern notation (Bemoulli did not use subseripts, nor did he use Z for summations or ! for
factorials) Bernoulli found that

If n 1s large and p 1s small, that means that the left hand side 1s a sum of a relative large number
of relatively small powers, and if we know the necessary Bemnoulli numbers then the sum on the right 1s
simpler to evaluate than the sum on the left. Bernoulli himself'is said [G+S] to have used this formula to
find the sum of the tenth powers of numbers 1 to 1000 in less than eight minutes. The answer is a 32-
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8.2. Examples for generalizations of bernoulli-numb  ers/polynomials

Carlitz, L. "Arithmetic Properties of Generalized Bernotllimbers"
Journal fur die reine und angewandte Mathematik?Bd, S 174

L. M. Milne-Thomson.. "Two Classes Of Generalized Polynomials" (1932
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S.C.Woon http://arxiv.org/PS_cache/math/pdf/9812/9812143¢f .p

Generalization of a relation between the Riemara zesction and Bernoulli numbers

S.C. Woon ,Trinity College, University of Cambridggambridge CB2 1TQ, UK
December 23, 1998

Abstract

A generalization of a well-known relation betweée Riemann zeta function and Bernoulli numbers

is obtained. The formula is a new representatiothefRiemann zeta function in terms of a nested

series of Bernoulli numbers.
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