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Accessing Bernoulli-Numbers by Matrixoperations
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2. A common equation of recursion (containing a significant error)
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3. Two versions B, and B, of bernoulli-numbers?
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Computation of bernoulli-numbers by matrixinversion of (P I)
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5. J contains the eigenvalues, and Gn, resp. G, contain the eigenvectors of P,
resp. P¢
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6. The Binomial-Matrix and the Matrixexponential
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7. Bernoulli-vectors and the Matrixexponential
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8. The structure of the remaining coefficients in the matrices G, - and Gp
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9. The original problem of Jacob Bernoulli: "Powersums" - from G,
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Wahrscheinlichkeitsrechnung (Ars conjectandi). 99

Die Summe der Potenzen der natiirlichen Zahler.

) % " - %73:

) L nd 4-1n® 4 &n,
= L1 nt 4+ In® - L7
) Ln® 4 fnt 4 & 0t —gn,

W)= 4t L o gt —
) ynl A4 fa® + +nt— § ntd-Jn,
)=} n® 4 ga’ G ynt— gt e
) Ln® 30 4 30"— Hn 3 #°
) = s 7 —nt = L nt—Jen?,
)

n'— 1T 1w’ — L 4 Fon

1
30 7%

|

= Aen'® 4 Fn® 4

ofor wfwo o

Wer aber diese Reihen in Bezug auf ihre Gesetzmiissigkeit ge-
nauer betrachtet, kann anch ohne umstindliche Rechnung die
Tafel fortsetzen. Bezeichnet ¢ den ganzzahligen Exponenten
irgend einer Potenz, so ist




10.Polynomials of the coefficients of the Binomialmatrix P,
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11.Values of the G- and Gp- polynomials for real x
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12.Gp ("Gotti")-Matrix and Stirlingnumbers
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13.Sample Pari/Gp-Code

1 * + ( *f 4+ & ,4&7
dim = 12
\\ size for matrices
J = matdiagonal(vectorv(dim,r, (-1)*(r-1))) \\ unit-matrix with altern. signs

\\ pascalmatrix and row/col-reduced pascalmatrix (P-I)

P = matpascal(dim-1) \\ common pascalmatrix
tmp = matpascal(dim) - matid(dim+1)
P1 I = matrix(dim,dim,r,c,tmp[1l+r,c]) \\ empty (first)row and (last)col: dimension is dim
\\
\\ compute Gm, Gp
Gm = P1 I*-1 \\ compute Gm
Gp=J *Gm*J \\ compute Gp by formula (5.11)

\\

\\ error-estimate: sum of absolute differences of entries of two matrices
errest(M1,M2) = sum(r=1,#M[,1], sum(c=1,#M[1,], abs(Ml[r,c]-M2[r,c1))))

\\ is Gp * J * Gp~-1 eigensystem of P] ?
print(errest(P*J , Gp * J * Gp*-1))

\\ is Gm * J * Gm~-1 eigensystem of JP ?
print(errest(J*P , Gm * J * Gm*-1))

\\isP*Gm =Gp?
print(errest(P *Gm , Gp))

\\
\\ G - and H-funktions at x={-2, -1.5, -1,-0.5, 0, 0.5, 1, 1.5, 2} ----------
VX = matrix(dim,9,r,c, (-2+(c-1)*0.5)"r) \\ vandermondematrix for x-values
fG(x,n) = Gp[n,] * x* V(x) \\ function for G_n(x)

for(n=1,12,ploth(x=-2,2,fG(x,n)))

fH(x,n) = Gp[n,] * V(x) \\ function for H_n(x)
for(n=1,12,ploth(x=-2,2,fH(x,n)))




14.Pictures
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